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Abstract—In this paper, we introduce a novel approach for
designing invariant control laws through potential functions
for fully actuated dynamical systems evolving on manifolds
by leveraging the power of neural networks. The geometry
and non-linearity inherent to manifold-based dynamical systems
pose challenges for traditional control law design, necessitating
techniques with the interplay of differential geometry and
dynamical systems for ensuring stability. Apart from stability,
performance and optimality are other challenging areas to
address for dynamical systems evolving on manifolds. On top
of these, the concept of invariance helps us improve learning
transferability skills from one scene to another scene. We
propose invariant potential functions on manifolds defined by
neural networks that can be used to generate elastic forces for
asymptotic tracking of trajectories. The weights of the potential
function can be tuned to shape the potential functions according
to the performance requirements through minimizing a loss
function.

I. INTRODUCTION

The design of learning-based control laws for systems
evolving on smooth manifolds remains an interesting prob-
lem in the field of control systems engineering. Such systems
are important in a wide range of applications, like aerial
robots [1], [2], [3], [4], [5], [6], robotic manipulators with
impedance and admittance control systems [7], [8], [9], [10].
These applications demand sophisticated control strategies
that can handle the inherent nonlinearities and complexities
of the systems. In this context, the use of potential functions
whose elastic forces dictate the control laws emerges as a
viable controller synthesis approach [11], [12], offering a
consistent way to guide system behavior towards desired
states or trajectories.

It has been remarked that potential functions designed in
[12], [1] on the Special Orthogonal group (SO(3)) suffer
from vanishing gradients when the error between the desired
and current orientation is 7 radians. Consequently, due to
the shape of the potential functions, at certain errors, the
forces are small and have sluggish responses even when the
errors are large. Research in [11], [13], [14] utilize a metric
on the Lie algebras of SO(3) and Special Euclidean group
(SE(3)) that is uniformly quadratic but the logarithmic map
is not defined when the desired and current configurations
are 7 radians apart, since a rotation about any axis by
radians would produce the same orientation. These potential
functions can incorporate matrix gains for positions and
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orientations, which can be used to shape the response of the
system, but it is not so straightforward to tune these gains
easily based on the required response like in the case of
linear systems. These shortcomings motivate us to use neural
networks, for their representative power, to build potential
functions whose gradients generate a part of the control law
equivalent to the spring term/proportional term. We choose
to build potential functions using neural networks instead
of other basis functions as choosing basis functions that
are expressive and representative require a lot of expertise.
Whereas with neural networks, by simply increasing the
depth and widths, expressiveness can be improved. These
neural network potential functions might still have only
almost global properties instead of global properties as it
is not possible to construct a continuous control law that
provides a continuous vector field on a compact manifold
with a globally asymptotic equilibrium point [15]. Since we
cannot overcome this, instead of having potential functions
that have fixed properties, we wish to construct potential
functions whose “problematic” points are made to appear in
the regions on the manifold that we are not interested in.

Another important application of building potential func-
tions using the representative power of neural networks is
in learning potential fields via demonstrations by an expert
in an invariant manner. In our previous work in [8], we
provide a neural network architecture for learning gains as
a function of the state from expert demonstrations using
potential fields. The work in this paper can be used as
a generalized framework for learning these state-dependent
gains through potential functions, which provide a provably
stabilizing control law directly during inference.

One of the challenges in building these potential functions
is that their structure needs to satisfy specific Lyapunov
function like properties, such as being zero at the equilibrium
and positive everywhere else (or equivalently being lower
bounded and attaining the minimum at its equilibrium).
These properties will be achieved with the use of Input
Convex Neural Networks (ICNNs) [16] and its application
to the construction of Lyapunov functions to learn stable
dynamical systems in [17]. Though these Lyapunov functions
were constructed for Euclidean spaces, we will show in the
next sections how this approach is also beneficial for systems
evolving on smooth manifolds. The main application of the
method will be for the orientation control of a spacecraft on
SO(3) and for the Variable Impedance control of a robotic
manipulator whose end effector pose evolves on SE(3).
However, we will first show the necessary tools first for S
since its geometry and properties are easy to visualize.

The main contributions of this paper can be summarized
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as: 1. A detailed description of errors and variations on
manifolds is presented. 2. A Neural Network architecture
for building deep invariant geometric potential functions,
which are consistent with the transport maps on smooth
manifolds, whose variations can be defined, is developed.
The potential functions generate stabilizing forces/wrenches
for any random initialization of the network. 3. Kinematic
control laws utilizing these potential functions and their
stability are presented. 4. A Variable Impedance control
law for a robotic manipulator and Orientation control law
for a satellite using these potential functions are designed
and a training procedure to shape the potential function
for improving convergence is presented. An extension of
this work to build dissipative potential functions along with
conservative potential functions and for learning stabilizing
controllers by mimicking human demonstrations has been
presented in [18], [19].

II. PRELIMINARIES

In this section, we revisit the notion of an error on the
manifold and describe the kinematics of a particle moving
on the manifold, variations of configurations, and errors in
velocities for the unit two sphere S2, the Special Orthogonal
Group (SO(3)) and the Special Euclidean Group (SE(3))
from [12], [20].

A. Two Sphere (S2):
A unit two sphere can be represented as follows
S*={reR® : |r|.=1}, (1
where 7 is the coordinate of a point on the sphere with respect
to a spatial frame attached to the origin (center of the sphere).

The kinematics of a point whose configuration evolves on S
can be written as

r=wXr=wor, 2)
where w € R? is an angular velocity vector and x represent

the cross product. The hat (A) and vee (-)¥ maps are defined
as follows for a vector 1 = [ 72 1n3]7 € R3.

Vv
0 —-n3 m 0 —-n3 m
n=1ns 0 —m|,| ms 0 —m| =n O
-2 M 0 -2 M 0

The time derivative 7 is an element on the tangent space
(T.8?) of S? at r. For a desired configuration ry € S2, the
configuration error 7. € R can be defined as

re 21k “4)
With the current definition of error, the control law should
be designed to drive the error to 1 instead of 0.

A variation on the sphere can be defined as a configuration
on the sphere obtained by flowing with an angular velocity
n € R? for a time € € R from the configuration . Using the
exponential map (see [21]), the variation 7., can be defined
as follows

Ten = exp(en)r. 5)
The infinitesimal variation o7, € T,.S2%, can now be defined

as
ory, = %Tﬂ,tzo =ar=nxr. (6)

(a) (b)

Fig. 1: (a) Variation of an element on S? (b) Configurations
and their Tangent spaces

The velocity error on S? can now be defined using a transport
map [12] T : T,,5% — T, 52 as

ey 27— Trq, @)
where the transport map 7 on S? is given by
T = (rEr)Is 4 (rqg x 7). (8)

Since the current velocity  and the desired velocity 74 Lie
on different tangent spaces, i.e., 7,.S% and T,,S? respec-
tively, they cannot be directly compared like in the case of
Euclidean space. Therefore, it is necessary to transport one
vector to the tangent space of the other and compare them.
This comparison can be made with the help of this transport
map [12], and the potential functions must be designed such
that they are compatible with the transport map.

B. Special Orthogonal Group (SO(3)):

The Special Orthogonal group (SO(3)) represents the set of
all possible rotation matrices R without any reflections. The
following is a representation of the group as an embedding
in R3><3

SOB3)={ReR¥>3 : RTR=1T5 ,det(R) =1}. (9)
The kinematics of a body that just is restricted to rotate
without any translations can be written as

R = RQ, (10)
where Q € R3 is the angular velocity expressed in the body-
fixed frame and 2 € s0(3), the Lie Algebra of SO(3) (tangent
space at identity).

A variation on SO(3) consistent with the kinematics in
(10) can be defined as
Rey, & Rexp(en). (11)
The infinitesimal variation R, € TrSO(3) can now be
defined as
OR, 2

%Rﬁnk:o = ). (12)

The configuration error between a desired configuration R,
and the current configuration R can be defined as

R. 2 RIR. (13)
This error is called the right error according to [12]. Note
that the error R, is also an element of SO(3), and the error
becomes Z3 when R = R,;. The body fixed angular velocity
error according to [12] can be defined using the body fixed
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angular velocity Q) = RTR and the desired angular velocity
Q4 = RYRy via
R.=4%(RYR)=RYR+RIR
= OTRTR + RTRO = —Q4R. + R.Q
= R.( — RTQ4R.) = R.A..
Using (RTQ4R.)Y = RTQ, we define the body fixed
angular velocity error as

Q. 2 Q- RTQ,.

(14)

15)

C. Special Euclidean Group (SE(3)):

The Special Euclidean group (SE(3)) describes the pose
of a rigid body in 3D space via a rotation matrix R and a
position p. The following is a representation of the group:

SE(3) = {(R,p) € SO(3)xR? : RTR =13 ,det(R) = 1}.

The kinematics of a body evolving on SE(3) can be written
as

§=gT(V"), (16)

where

o=[5 2o =[o] rom=[5 5] o

Here g is called the homogeneous representation of the SE(3)
group and v € R3 is the translational velocity with p = v
represented in the body coordinates.

A variation on SE(3) can be defined using the exponential
map (see [21]) as

gen = g exp(eT'(1)) (18)
where n = [nT, 7117 for n1,no € R3 and note that we regard
71 as a translational element and 72 as a rotational element
following the convention of [21]. The infinitesimal variation
can now be defined as

%genkzo = gl—‘(n) = (19)

5977 é |:R772 Rn1:| )

0 0
The configuration error between a desired configuration g4
and the current configuration g can be defined as follows with
R, from (13) and p. = p—py denoting the translational error
_ R. RY R
ge 2959 = [06 dlpe} 94 = {Od pld} :
Note that the configuration error g. is also an element of
SE(3) and the error becomes Z, when g = gq4.
By taking the time derivative of g. and following the same
steps as (14), we can obtain the following

ge = gel'(ev). (2D
where ey is the velocity error defined by the following
utilizing the desired quantities with subscript d
a[v] _[RIva+REQuR] (p—pa)| _ [ev
v=lal” RTQ " lea)
e 2l €Q (22)
-

(20)

ve vy

Left Invariance:

It can be seen from the following equations that by
transforming the current and desired configurations both

from the left arbitrarily by the same translation, we do not
get a change in the error.

(erd)T(RlT) = Tg(R;FRl)T = 7“;1;7" =7,
(RiR))T(RR) = RY(RFR)R=RYR =R,

(9:90) " (919) = 92" (9 " 9)9 = 959 = 9e

This is an essential property as incorporating this property
allows us to transfer trained skills from one scene to another
scene without any new training. We will use these errors to
construct potentials in Sec. IV. Since the potentials depend
solely on the errors, the potential functions are also left
invariant. It is also easy to see that for left error representa-
tions, we have right invariance. [8] presents a more elaborate
explanation of invariance.

(23)

Variation of a function:

For any scalar function v : M — R mapping from a
manifold M to the the reals, the derivative D,,u at m € M
can be defined with the help of its infinitesimal variation du
described as

ou(m) = %um‘ezo = %u(men)hzo = Dpu(m)-n, (24)
with m,,, as the variation of m on M obtained by flowing
from m with 7 for a period of e. Furthermore,

Du = £-6u (25)
This derivative D,,,u will be used to define the control law
in the later sections.

III. STANDARD POTENTIAL FUNCTIONS

In this section, we will present two types of geometric
potential functions that are common in the literature for
SO(3) manifolds. Though their simplicity makes them an
easy choice for use in geometric control laws, a short
discussion about their shortcomings will be presented.

A. Potential Function 1:

First, we will consider the potential function from [12]
utilizing the trace operator ¢r[-] which was later used in [1],
21, [3], [4], [22], [5], [23] etc. It was also shown that this
potential function can be expressed using the Frobenius norm
in [9].

Uy (R.) = tr[I — R.] = tr[I — RYR] (26)
R,Rq,R. = RTR € SO(3) and ¥y : SO(3) — R*. The
elastic force f; generated by this potential function can be
obtained from its variation.

§U1y = &V, | _, = &£trll - R} R,
=—fi-n=(Re— RV
A detailed derivation of how to obtain the forces will be
presented in the next section.

leo @D

B. Potential Function 2:

We now consider the potentials (Lie algebra potentials)
from [11], [13], [14] using the logarithmic map from the Lie
group to its Lie algebra (see [21]) as follows

Us(Re) = gllog(Re)[f = lllog(Rg R (28)
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Fig. 2: Comparison of Potential Functions (left) and corre-
sponding elastic forces (right).
where ||A|r = tr[AT A]'/? represents the Frobenius norm
of the matrix A. The elastic force fo generated from this
potential can be obtained from its variation as follows

00y = §eVaen| o = 3 g llog(RGRep) |,

= —f2:n=—log(Re)" n
Fig. 2 shows a comparison between the potential function
and their corresponding elastic forces for SO(2) manifold
(planar rotations with « as the angle between desired and
current configurations). Here we can see that for smaller
errors, W, is slightly better, and for larger errors, U5 out-
performs as f; tends to become zero even when the error is
« radians. Since the rotations are planar, they can be viewed
as rotations about a fixed axis and there is no ambiguity in
the axis. But when it comes to 3D rotations, a rotation about
any axis by 7 radians causes the same orientation, which
causes a discontinuity in W, and therefore, the logarithmic
map is defined only when the argument is not the identity.
We wish to overcome these issues by using more expressive
potential functions that can be built through neural networks.

IV. POTENTIAL FUNCTIONS
In this section, a methodology for designing positive

definite potential functions utilizing Input Convex Neural
Networks (ICNNs) [16] and its use in the construction of
Lyapunov functions in [17] will be presented. We will take
a similar approach to build the potential functions. But to
accommodate matrix inputs, we will modify the structure for
different manifolds, as shown in the upcoming subsections.
The aim is to make the potential function zero when the
current configuration and desired configuration coincide and
positive everywhere else. Though convexity is a restriction,
we can relax this by adding another layer of an invertible
residual network [24] layer before ICNN as we need to
have only one point where the elastic force becomes zero.
A caveat here is that though we are using an ICNN to
build the potential functions, the manifold is not convex, and
hence, the potential function and domain pair together are
not convex, but the potential function with a convex domain
remains convex.
A. Potential Functions on S*:

We can define the potential function ¥ : [—1,1] — R*
such that ¥(1) = 0 as follows:

z1 = oo(Wore + bg)

ziv1 = 0;(Uszg + Wire +b;),i=1,... )k —1
D(re) = 2

U(re) = o1 (®(re) — (1)) + ¢ |1 =73,

(29)

(30)

where ¢ = 1,--- ,k — 1. Here z; refers to the output of
the i*" layer. The weights U; € R, W; € R and the bias
b; € R. The nonlinearities o; are convex like ReLU. To
ensure smooth gradients, the sharp edges of ReLU can be
smoothed (see [17]). In the last equation in (30), we shift
the function ® to become zero when the error . = 1 and
pass it through a non negative nonlinearity (like ReLU) 041
to make the function positive semi-definite. Finally through
€ ||1 — 7|3 for € > 0, we make the entire function positive
definite.

B. Potential Functions on SE(3)

We can define ¥ : SE(3) — R* such that ¥(Z3,03x1) =
0 as follows.

21 = oo(tr[WRe] + WiRg pe + b)

by = 0i(Ulzi + tr[W/R.] + W} RYp, + bl),

(I)(Rea Rgpe) = 2k

W(ReaRgpe) = o1 (P(Re, Rgpe)

+e |1 Zs— g gl
where 2! refers to the output of [*" neuron of i** layer. The
weights U! € RY, W} € R3*3, W} € R® and bias b} €
R. Similar to (30), we shift the function ¢ such that it is
zero when g, = 7, and make it positive definite by adding
€ |Z4 — g5 ' g||% for € > 0. By making p. = 0, the potential
function in (31) reduces to the potential on SO(3). It is worth
noting here that the potential functions defined in (30) and
(31) always produce a stabilizing elastic force irrespective
of the initialization of the weights as long as U matrices
are non-negative. This constraint on U can be enforced by
first initializing them randomly and then using the softplus

activation function to make them all positive.
V. KINEMATIC CONTROL

3D
— ®(Z3,03x%1))

lth

In this section, a detailed description of how to obtain the
elastic forces from the potential functions will be presented
for S2, SO(3) and SE(3) manifolds. Stability proofs for S2
and SO(3) will be presented as the extension to SE(3) from
SO(3) is straightforward. Although we are more interested in
applications to dynamics on manifolds, we will emphasize
the derivations for kinematic systems as the control laws
straightforwardly extend to dynamical systems by adding a
damping term to the elastic force.

A. Unit two sphere S?:

The variation of the potential function defined in (30) will
be used to obtain the elastic force as follows

U=U(rlr) = Y, = U (rTecr)
= 07, = %‘Pﬁnle:o = U (rLr)(rT ey
= V()

where U/ £ %\Il(z) |Z:T5T . Utilizing the cyclic property of

(32)

the box product [a b ¢] = a- (b x ¢) = aTbe that [a b ¢] =
[b ca] = [cab], we can write

O =V (rXr)(Fry)tn = V' (rEr)(Frq) -m = D,V -0 (33)
The corresponding elastic force is now given by

f=-D0 = -V (rlr)(irg) (34)

11080



Since W is a neural network, its partials or gradients can
be found using automatic differentiation packages like Py-
Torch’s autograd.

Theorem 1. The kinematic tracking control law w = wq+ f,
with the elastic force f given by f = —V'(rTr)(fry), almost
globally asymptotically tracks rq(t) for the system (2).

Proof. We will consider the potential function ¥ as the
Lyapunov function candidate as it is positive definite, and the
only point where it is 0 is when 7. is 1. The time derivative
of the Lyapunov function yields

O =0T Tr + L) = O (e Tr) (1T Ggrg + rEor)
=V (Tl (@ — @g)r
= W(rfr)rf (@u — G = W (rfr)(r X Ta)r
Utilizing the property that a X (b x ¢) =b(a-¢) — c(a - b)
W= =W (rgr)*rg (rallrll3 = r(ra-v)) (35)
2

==V (rgr)*(Irall3lrl3 = (ra-1)?) < 0.

B. Special Orthogonal Group SO(3):
A potential on SO(3) can be represented as ¥(R.) by

letting p. = 0 in (31). The variation of this potential function
defined will be used to obtain the elastic force as follows
U =U(RYR) = ¥, = U(RYRe)
= 6W, = £Uqy| _, = tr[V'(R]R)" R} Re“q] (36)
= tr[V'(RY R)" R} Ril,
where U/ = 9?\4 (M) | M—p, - Utilizing the property of trace
that —1tr[Ab] = (AT — A)Y - b, we can write
6V, = (RTW'(R.) — V' (R.)"R.)Y - 1 (37)
= Dr¥ = Dx ¥ = (RI'V'(R.) - V' (R.)"R.)".
The corresponding elastic force is now given by
f=—-DgrV¥ = —(RT'V(R.) — ¥'(R.)"R,)".

(38)

Theorem 2. The kinematic tracking control law Q =
RTQ g+ f, where the elastic force f is given by (38), almost
globally asymptotically tracks Ry(t) for the system (10).

Proof. We will consider the potential function ¥ as the
Lyapunov function candidate as it is positive definite and
the only point where it is 0 is when R. is Zs. The time
derivative of the Lyapunov function yields

U = tr[0'(R.)TR,] = tr[¥'(R.)T R.A2]
_ [(\I//TR(.;)T _ (\II/TRe)]V . Qe~
Utilizing the angular velocity error from (15), we get

¥ = —||(RTW'(R.) — ¥'(R)TR)V|3<0. (39

C. Special Euclidean Group SE(3):

The variation of the potential function on SE(3) defined
in (31) can be used to obtain the elastic force.

U = \II(RZ;R, Rgpe)
— Wy = U(R}Re™, RY (p+ Ry — pa))
= 0¥, = iqjeﬁk:o :tT[alll'TRng)Q] + 32\IJTR§R7717

where O1¥ =
ZU(M,z

1%} —
W‘IJ(M,z)]M:RQ’z:Rng and 0, U =

. This yields the elastic force as
. _RTO,U
T | =(RTOY — 0, 9T RV |-
Theorem 3. The control law given by the following equation
almost globally asymprotically tracks g4(t)

] =[] s

Proof. For brevity, we skip the stability proof as the process
is similar to that of SO(3) for rotations with a trivial
extension to translations.

) | M=R.,z=R%p.

(40)

(41)

In every case, the time derivative of the Lyapunov function
is zero only at a finite number of points when f = 0, but
negative everywhere else, and therefore, the equilibrium is
almost globally asymptotically stable. The remaining points
are unstable equilibria.

VI. DYNaAMIC CONTROL

In this section, we consider two interesting and practical
problems on SO(3) and SE(3) manifolds namely orientation
control of a satellite and Impedance control of a robotic
manipulator respectively. The dynamics of both the systems
and stabilizing control laws using the constructed potential
functions will be presented.

A. Control of a Satellite on SO(3):

A simple model of a rigid body rotating without translating
can be used to describe the orientation control problem of a
satellite. The orientation of the satellite is described through
rotation matrices R € SO(3). The control is achieved
through momentum wheels attached to three perpendicular
axes of the satellite. Again for simplicity, we will ignore the
dynamics of the reaction wheels and assume the availability
of three independent torque components along its three
perpendicular axes. The dynamics can be written as follows
with J as the symmetric positive definite inertia matrix,
Q1 € R3 as the angular velocity represented in the body-fixed
frame and 7 € R3 as the torque.

R =R
IN+IQ =1
Theorem 4. The following control almost globally asymp-

totically tracks Rg4(t) for a dynamical system described by
(42) with the elastic force f described by (38)

7= QI — JIQ.RTQy + IRTQy + I(f — KpQ). (43)

(42)

Proof. This control law achieves the following error dynam-
ics

Qe + KpQ. + DrY(R,) = 0. (44)

We will consider the following positive definite Lyapunov
candidate function
W =V(R) + %QZQG
= W=V(R.)+ QI =0T (0 — f)
= -QT'KpQ. < 0.
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Using Lasalle’s Invariance principle, we can also conclude
that the equilibrium R, = Z3 of the error dynamics in (44) is
almost globally asymptotically stable as the largest invariant
set where W = 0 is only when R, = Z3 (removing the other
unstable equilibria). It may firstly be a bit non-intuitive, but
it should be noted that €}, can be expressed in terms of
R, and Re which makes the entire error equation a function
of just R, and its time derivatives. The expression is omitted
for the compactness of notation.

B. Control of a Robotic Manipulator on SE(3):

Another important problem where potential functions play
an important role is in the control of robotic manipulators.
We will demonstrate an application to Impedance control of
a robotic manipulator [9].

In the field of impedance control, it is well known from
[25] that the robotic manipulator’s dynamics can be rewritten
as

M@V +C@. V" +G(g) =T+ 7, (43
where the definitions of M (q), C(q,q), G(q), 7 and 7, can
be referred to [9]. They are the transformations of Inertia
matrix, Coriolis term, Gravitational term, control input and

the external torque respectively. We will denote M (q) as M,
C(q,q) as C and G(q) as G for brevity.

Theorem 5. The following control law almost globally
asymptotically tracks g4(t) for a dynamical system described
by (45) with the elastic force f described by (40)

F=MV;+CVi+G+M(Kpey —f). (46)

Proof. This control law achieves the following error dynam-
ics

év + Kpey — f(ge) =0 47

We will consider the following positive definite Lyapunov
candidate function
W=v+ %656\/ (48)
- WZ \i/—&—ej‘;év = —67‘;KD€V <0.
The elastic forces in (43) and (46) are invariant to left
translations i.e., when both the scene and the end effector’s
pose are left-translated by the same, the elastic force doesn’t
change as the elastic force is only a function of error
configuration and from the way it was defined in (13) and
(20), error configuration was shown to be left invariant in
(23). It can also be seen that the the error dynamics in
(44) and (47) only depend on the error configuration and
the error velocities and have no dependence on the physical
properties of the robot. Therefore, control laws designed for
robots with the same kinematic structure can be transferred
from one robot to the other without the hassle of tuning
the potentials afresh. This becomes extremely handy when
mimicking expert demonstrations as smaller robots can be
trained with human demonstrations and can be seamlessly
transferred to larger robots.

VII. TRAINING THE NEURAL NETWORK

Once the structure of the potential function is finalized
(by fixing the number of layers and their sizes), an objective
according to the needs of the user can be specified which
can be posed as an optimization problem of minimizing a
loss function by gradient descent. We consider an LQR-style
problem where we have a running cost along the trajectory
that needs to be minimized. A sample loss function for an
error trajectory is shown in (49) with a positive weight A\. We
could also add weighting matrices like in the LQR problem.

T
L= / (I — Re(®)]% + N|Q(0)|2)dt (49)
0

The procedure to shape the potential function to minimize
this loss is shown in Fig. 3. We first start by forming a set
of initial conditions around which the system is expected
to start. Since any potential with random initialization (of
course with some non-negative weights which can be taken
care of by softplus function in PyTorch) becomes a valid po-
tential function, we can obtain the corresponding stabilizing
elastic force and integrate the system forward to obtain the
error trajectories for each of the initial conditions for a user-
defined fixed time 7' without diverging trajectories. Here,
we have used the error dynamics (44), but the other error
dynamics introduced can be used. A mean loss is computed
by taking the average of individual losses corresponding to
the trajectory for each initial condition. Next, standard back-
propagation algorithms (e.g., ADAM) can be used to update
the parameters of the potential function. The function A(-) is
used to represent the choice of our optimizer. This updated
potential function generates the updated elastic force, and
the system is integrated forward for all the initial conditions
again. This cycle is repeated till convergence or any other
user-specified termination criterion. Note that since the dy-
namics evolve on manifolds, a variational integrator like [26],
[27] could be a better choice to integrate the system forward
as they preserve the geometry of the manifold. The simplest
integrator is an Euler integrator for the velocities and uses
the velocities with the exponential map (or other methods
consistent with the kinematics for non-Lie groups) to find
the next point on the manifold. Euler integration for (44) for
a step size At is as follows

Qe(t+ At) = Qe(t) + (—KpQe(t) + fo(Re))AL
Re(t+ At) = Ro(t)e WAL,
In Fig.3, the dynamical equations in the integration block

(50)

{RL(0),2:(0)}

Initial condition set
Vi=1,...,N

Integrate forward &
‘ Update potentials Collect trajectories

Ty Ri(6), Qi) Yi=1,...,N
R = RQ.
Qe+ KpQe — fo(Re) =0

!

Compute Mean Loss
L= 4 SL, L(B(1). 04(0)

Fig. 3: Flow chart showing the training process.

for = —Dg, Po+

Take gradient step
_ ac
0t =0 - h(35)
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can be replaced by (47) and updating the damping gain K p,
loss function appropriately to account for SE(3) trajectories.
Though the positive definite damping matrix Kp is shown
to be fixed, it can also be treated as a decision variable in
the optimization problem which would ease the restriction
further and provide better performance.

VIII. SIMULATION RESULTS
A. Implementation on SO(3) manifold

We consider the problem of regulating the rotation error
R, to I3 for the dynamics in (44). If the error is asymp-
totically brought to Z3 and the error velocity to 0, we
are able to track any desired trajectory. A neural network
with 3 hidden layers of 14 neurons each, using Kaiming
initialization within bounds (—\/5, \/3), was trained on 50
initial conditions. Initial conditions were set with rotation
errors normally distributed around 7 radians from the identity
matrix according to (51) and angular velocity errors with
zero mean and unit variance. The training utilized the Adam
optimizer with a learning rate of 0.01 over 3000 epochs
to minimize the loss function in (49) with A = 1 and
Kp = Z3. To visualize rotation errors and error velocities,
plots of Up(R.(t)) = %tr[Zs — Re(t)] and |lev (t)||3 are
presented. Results in Fig.4 illustrate the evolution of rotation
error trajectories for neural network, logarithmic, and Frobe-
nius norm potential functions. Despite being designed for
large initial errors around 7 radians, performance for small
errors is comparable across potential functions, as shown in
Fig.4(c). We can clearly see the jumps due to discontinuities
in the logarithmic potential function based controller and
sluggish response of the Frobenius norm controller. The
neural network controller achieved a fast response while
maintaining smoothness.

(a) (b)

e Learnt
= Log
=== Frobenius

B 20

Up
|

[l

T
10 15 20
time (s)

=
=

T
0 5 10 15 20
time (s)

Up

13

T T T T T T T T
0 5 10 15 20 0 5 10 15 20
time (s) time (s)

(c) ()
Fig. 4: Comparison of responses with various potential func-

tions (a) R, trajectories for 0.997 radians initial error (b) and
corresponding angular velocities errors. (c) R, trajectories
for 0.17 radians initial error and (d) corresponding angular
velocity errors.

B. Implementation on SE(3) manifold

We will first consider the problem of regulating the con-
figuration error on SE(3) i.e., g. to Z4 for the error dynamics
in (47). We change the first layer of the neural network to
account for the increase in dimension from SO(3) to SE(3)
but the remaining layers and other aspects of training remain
same as VIII-A. The results are shown in Fig. 5.

(a) (b)

m— Learnt
m== Frobenius T 3

p
|

lev 3

T
10 15 20
time (s)

|
=

T
5 10 15 20
time (s)

Ve
Z
|

lev 113

0.2 4

0 5 1‘0 15 20 0 5 1‘0 15 20
["“(Z)(S) lim(ei (s)

Fig. 5: Comparison of responses with various potential
functions on SE(3) for error dynamics in (47) (a) g. tra-
jectories for 0.997 radians initial rotation error and p, =
[0.1529, —1.4135,1.9227] (b) and corresponding angular ve-
locities errors. (c¢) g. trajectories for 0.17 radians initial
rotation error and p, = [—0.2083,0.0364,0.9568] (d) and

corresponding angular velocity errors. Up = 1||Zs — ge||%.

Next, the approach has been implemented on a URSe
robotic manipulator in the Mujoco environment (see Fig. 6).
To show the advantages of the proposed approach, we will
compare the regulation performance under large initial error
conditions for the proposed approach and the benchmark ap-
proach, the geometric impedance control [9] with Frobenius
norm-based potential function. The goal pose g4 = (Rg, pa)
of the end-effector is given as

. 01 0
pa=[07 00 04]", Rs=1{1 0 0
00 -1

The initial condition g; = (R;, p;) is given as
R; = Rot(w, 0) Ry,

Pi = Pds (S

Fig. 6: URSe robot manipulator implemented in Mujoco
environment.
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(a) (b)

49 w— Learnt
=== Frobenius

levi3

/limc (s) 'limc (s)
Fig. 7: (a) Potential function ¥ with respect to time, (b) 2-
norm of velocity errors, for the learning-based controller and

the Frobenius-norm-based controllers are presented.

where w = [—1,1,1]7, § = 71— with 0 < (= 0.001) < 1,
and Rot(w, 6) is an axis-angle representation of the rotation
matrix, e.g., one can use Rodrigues formula to convert it into
the rotation matrix. The results of this large initial rotational
angle scenario are shown in Fig. 7. The proposed approach
showed faster convergence compared to the Frobenius-norm-
based controller.

Notice that we have considered the dynamics (45) of
the robot’s end effector which is assumed to move freely
as an unconstrained rigid body in the free space despite
having limitations on the configuration space due to physical
limitations of the robot. The control law designed is similar
in idea to a feed back linearization control law where we
cancelled out some of the terms to make the error dynamics
appear in a desired way and the elastic force only affected
the final error dynamics without taking into consideration the
limitations of the robot. Due to this, it is possible that the
elastic force generated by the neural network potential might
demand the robot’s end effector to attain configurations that
are unachievable (when the jacobian becomes singuar). This
is an issue specific to the manipulator whereas the issue does
not arise when we consider the control of an unconstrained
rigid body on SE(3). It must be noted that this isn’t a
limitation of this particular approach alone, but is true for
all potential function based control designs. To overcome
this, one needs to incorporate constraints into the control
law which is left for future work.

IX. CONCLUSIONS
In this paper, a generic design methodology for designing

trainable invariant potential functions using neural networks
for dynamical systems evolving on manifolds has been
presented. A detailed methodology to obtain the correspond-
ing elastic forces through variations has been presented.
Extensive analysis of the potential functions and stability
for various manifolds of interest has also been presented.
Finally, the methodology was demonstrated on two problems
- a satellite orientation control and a robotic manipulator
variable impedance control and the results were presented
along with comparisons with benchmark controllers.
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