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Abstract—Multi-robot coordination in shared workspaces is
prone to deadlocks, which can compromise operational capabil-
ities and task efficiency. Accurately determining the timing and
spatial locations of deadlocks is essential for effective resolution,
yet remains challenging due to dynamic robot interactions and
growing system complexity. To this end, a distributed deadlock-
aware control framework is proposed for robots to detect and
avoid deadlocks while maintaining safe task execution. First,
deadlocks are characterized by analyzing undesired equilibria
in robot dynamics under safety constraints imposed by multiple
stacked control barrier functions (CBFs). Our analysis reveals
two critical properties: 1) Deadlocks occur at intersections of
all active CBF boundaries, and 2) Deadlocks arise when robot
stabilizing force are confined within the conical hull formed by
active safety forces. These theoretical insights underpin a new
detection method that identifies potential deadlocks from conflicts
between safety requirements and task objectives. Furthermore,
a reactive deadlock avoidance method is designed to help robots
escape and prevent entry into potential deadlock regions by
adaptively modulating the stabilizing force. A generalized work-
flow is established to systematically address deadlocks across
various multi-robot tasks. Simulation and hardware experiments
are conducted on robots collaborating in dense environments to
validate the framework’s effectiveness in preventing task failures
caused by deadlocks.

Index Terms—Deadlock detection and avoidance, control bar-
rier functions, multi-robot systems, reactive motion planning.

[. INTRODUCTION

ULTI-ROBOT coordination leverages local interactions

to achieve collective behaviors, enabling a range of ad-
vanced applications including collaborative manufacturing [1],
wild exploration and rescue [2], and intelligent warehous-
ing [3]. Robotic controllers are designed to fulfill high-level
objectives such as area coverage [4] and formation mainte-
nance [5], while strictly enforcing collision avoidance and
other safety constraints. However, conflicts between task ob-
jectives and safety requirements can severely compromise co-
operative performance. For example, in multi-robot material-
handling systems, deadlocks arise when robots mutually block
each other’s paths toward their target locations, leading to
operational standstills [6]. If not promptly resolved, such local
deadlocks can trigger chain reactions, potentially paralyzing
the entire system.
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Fig. 1. Deadlocks are defined as undesired equilibria in robot dynamics.
(Left) Various safety constraints are mapped to unsafe sets in the robot state
space. (Right) The robot converges to the boundaries of the unsafe sets and
encounters a deadlock. As robots dynamically interact with each other, these
boundaries are constantly changing, making it difficult to detect deadlocks.

Deadlock detection is fundamental to implementing strate-
gies for resolving deadlocks. Existing methods primarily iden-
tify deadlocks through the geometric configurations of robots
in physical space [7], [8]. For instance, in collision avoid-
ance of multiple mobile robots, directional deadlocks occur
when robots block each other’s paths due to alignment [9].
Resolving deadlocks requires designing coordination strategies
tailored to the enumerated deadlock configurations [10]-[12].
However, such methods have limitations. On the one hand,
deadlocks arise from dynamic interactions among multiple
robots, often requiring global monitoring to identify when
and where they will occur. This approach can be costly in
terms of communication and computation, especially as the
number of robots increases [13]. On the other hand, when
coordination tasks involve diverse safety constraints or robots
with complex physical structures, the geometric features of
deadlocks become more complicated. For example, when a
formation of robots approaches large obstacles, they may split
into two groups to pass on either side [14]. This can lead
to deadlocks because of the conflicting objectives between
moving forward and maintaining formation connectivity. In
such cases, the combinatorial complexity arising from different
formation shapes and obstacle sizes makes it difficult to fully
describe the deadlock configurations in physical space.

To address these challenges, this work defines deadlocks as
undesired equilibria in robot dynamics and tackles them in
state space. From this perspective, impermissible robot con-
figurations induced by different safety constraints are mapped
to unsafe sets in state space, and robots must reach their goal
states while remaining within the safe set, as shown in Fig. 1.
The concept of undesired equilibria implies a balanced state
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where any progress towards their goals would intrude into
the unsafe set. For velocity-controlled robots, the only viable
option is to halt, resulting in a deadlock. This perspective
unifies different forms of deadlocks and converts the detection
of collective deadlocks into an analysis of individual dynamics,
thereby reducing the combinatorial complexity.

Guided by this idea, we use multiple stacked Control
Barrier Functions (CBFs) to encode various safety constraints
in multi-robot coordination into unified f orward invariance
requirements of a state set [15]. To accomplish task goals, we
consider two approaches that can be integrated with CBFs.
The first involves adding a Control Lyapunov Function (CLF)
constraint, guiding the robot to move in the direction of
decreasing the CLF [16]-[18]. The second approach uses
CBFs as a safety filter, w hich m inimally a djusts a reference
control input to maintain safety [19]-[21]. By incorporating
CBFs with either CLF constraints or nominal controllers into
Quadratic Programming (QP), optimal control that balances
safety and performance can be achieved. However, since sta-
bility is sacrificed in events that conflict with safety, undesired
equilibria occur when any progress toward the goal violates
the safety constraints [22].

In order to fully identify deadlocks during robot interactions,
we analyze the existence conditions of undesired equilibria in
closed-loop robot dynamics using tools from duality theory.
The theoretical results show that deadlocks arise from the
conical combination relationship between the robot’s stabi-
lizing force and the safety forces generated by active CBF
constraints. In addition, deadlocks are located at the intersec-
tion of the boundaries of these active CBFs. Utilizing these
features, robots can evaluate the risk of deadlocks in real
time based on local information. To avoid deadlocks, robots
dynamically modulate the stabilizing force by altering the
shape of CLF. The stabilizing force can be instantaneously
adjusted to help robots escape potential deadlock regions or
continuously adapted to prevent them from entering such
regions. Finally, a general workflow f or r esolving deadlocks
is proposed and validated in different multi-robot coordination
tasks through simulations and experiments. The contributions
of this article can be summarized as follows:

1) The deadlock characteristics are derived by analyzing
the undesired equilibria induced by a QP controller with
multiple general CBFs in robot dynamics. The theoretical
results identify the conditions and locations of deadlock
occurrences in multi-robot coordination, considering dif-
ferent safety constraints and task objectives.

2) An online deadlock detection method is proposed by
evaluating the relationship between stabilizing force and
the conical hull formed by active safety forces, granting
robots deadlock awareness. Using the conical hull, robots
can fully evaluate current deadlock risk and identify
potential deadlock boundaries based on local information.
A reactive deadlock avoidance method is designed in
state space to help robots escape from and prevent entry
into identified potential deadlock regions by adjusting the
stabilizing force. This method can address different types
of deadlocks without relying on the geometric properties
of deadlock configurations.
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4) A deadlock-aware control framework is established by
incorporating deadlock detection and avoidance methods
as an isolated plugin into CBF-QP controllers. It inherits
safety assurance provided by CBF constraints and can
address various multi-robot deadlocks in a distributed
manner without modifying the underlying theory.

The article is structured as follows. Related work is pre-
sented in Section II. Section III provides the preliminaries
on CBF and formulates the problems. Section IV analyzes
deadlock properties in a QP-based controller with multiple
CBFs. Section V presents the deadlock-aware control frame-
work. Section VI outlines a general workflow for deadlock
resolution. Section VII compares different methods from both
theoretical and simulation perspectives. Section VIII details
the experimental results. Finally, Section IX concludes the
article. The appendix contains proofs for several lemmas.

II. RELATED WORK

Many researchers have focused on addressing deadlock in
multi-robot coordination due to its critical impact on system
ability and efficiency [23], [24]. In many applications, the
main cause of deadlock is the conflict between collision
avoidance and achieving task goals. The robots block each
other’s paths, forcing them to stop in place. Such deadlocks
can be detected by analyzing the relative positions of the robots
in physical space. However, as the number of robots increases,
the number of geometric arrangements of deadlocks can grow
exponentially. To reduce the complexity, many approaches use
discrete environmental representations, such as grid maps [25]
or topological networks [26]. This discretization converts
continuous spatial reasoning into finite cell transitions, effec-
tively reducing computational load by limiting possible robot
configurations. Since the robots’ motion is also discretized,
typical deadlock patterns (e.g., cyclic deadlocks) can be ac-
curately identified [27]. Some methods model robot behavior
as discrete state transition systems and detect deadlocks by
analyzing the evolution of these systems [12], [28]. These
methods are particularly effective in structured environments,
such as highways or warehouses, where robot paths can be
easily segmented.

Resolving deadlocks usually requires designing coordina-
tion strategies for the identified deadlock configurations, which
can be categorized into coupled and decoupled methods. The
former relies on centralized planning based on knowledge
of the environment and the states of all robots. The main
methods include protocol-based search [29], conflict-based
search [27], and graph-based search [30]. These methods are
typically complete, meaning they can simultaneously plan
collision-free paths for all robots to reach their targets. How-
ever, the computational cost increases exponentially with the
number of robots [31]. Decoupled methods are incomplete but
computationally faster than coupled methods, as each robot’s
path is planned individually, and deadlocks are resolved a
posteriori [32], [33]. The main techniques, such as priority
assignment [34], setting detour points [35], and motion de-
lays [36], coordinate robot trajectories to avoid deadlocks.
Since these methods are heuristic, the success in resolving



IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

deadlocks also depends on the quality of the pre-planned paths.
In [37], the authors incorporated a deadlock avoidance strategy
as a penalty term in multi-robot trajectory optimization to
directly generate deadlock-free trajectories. However, these
coordination methods depend on synchronized clocks and
precise execution in both space and time.

Another decoupled method allows robots to make real-time
adjustments based on locally observable states, such as the
positions and speeds of neighboring robots. Compared to care-
fully designed trajectories, this approach reduces coordination
complexity and synchronization requirements and is widely
used in dynamic and unknown environments [38], [39]. How-
ever, without a supervisor, it is difficult to detect deadlocks in
advance. As a result, these methods typically address only
local collisions and resolving deadlocks requires additional
strategies like the right-hand rule [9] or consistent perturba-
tions [40]. To enhance foresight, multi-hop communication is
used for robots to acquire the intentions of distant neighboring
robots [41]. The work in [42] divided the permissible motion
areas of robots into non-overlapping Voronoi cells, allowing
deadlocks to be predicted based on the positional relationships
of neighboring robots at cell boundaries.

Overall, existing deadlock resolution methods primarily
focus on the geometric properties of deadlocks and are
specifically d esigned f or m ulti-robot ¢ ollision a voidance. In
fact, deadlocks are common in other multi-robot coordination
tasks. In [43], deadlocks were observed during experiments
on cooperative surveillance tasks, where aerial swarms failed
to cover the most valuable areas as they attempted to avoid
overlapping viewpoints. Another example is formation navi-
gation, where robots can become deadlocked due to conflicts
in maintaining connectivity, avoiding collisions, and reaching
designated locations. In [14], an effective solution was to block
deadlock-prone areas in the global path planner. These tasks
introduce abstract task goals and safety constraints, making
it more complicated to detect and avoid deadlocks based on
their geometric arrangements in physical space.

Undesired equilibria in robot dynamics provide a more pre-
cise interpretation of deadlock. Some prior work has inspired
the ideas and methods presented in this work. Reis et al. [22]
proved that even with a single CBF constraint, controllers can
lead to undesired stable equilibria when the vectors guiding
system convergence are collinear with those ensuring safety.
Recent work [44] derived similar conditions in robotic tracking
applications, where an auxiliary force was introduced to avoid
collinear conditions and enhance performance. The concept
of region of attraction was introduced in [45]. It represents
a region where control can be exerted to ensure the system’s
safety and stability. Following this idea, Mestres et al. [46]
introduced a penalty term to eliminate undesired equilibria
and provided an estimation of the region of attraction. Other
discussions on undesired equilibria can be found in [47], [48].
These works adjust the parameters in improved controllers to
eliminate or limit undesired equilibria.

Despite these works achieving theoretical breakthroughs in
avoiding undesired equilibria, they mainly focus on a single
CBF constraint. In multi-robot coordination, each robot faces
multiple safety constraints simultaneously, such as collision

avoidance with neighbors. Consequently, a common practice
is to stack multiple CBF constraints within the QP [49], [50].
Compared to single CBF scenarios, this work demonstrates
that deadlock characteristics fundamentally differ due to the
combined effect of multiple CBFs, which expands the dead-
lock region rather than relying on collinearity conditions as in
[22], [44]. While employing similar analytical tools to Grover
et al. [51], [52], their focus was on analyzing the geometric
properties of robot deadlock configurations. Therefore, they
mainly discussed scenarios with no more than three robots. In
contrast, our method derives deadlock characteristics directly
from general CBF constraints in the state space, making it
applicable to different task types and robot numbers.

III. PRELIMINARIES AND PROBLEM FORMULATION

Notation: We use the notation V f(z) to represent the
gradient % of a differentiable function f € R with respect
to z. For a set of functions F = {fi,---, far}, we define
VF ={Vfi(x)| fi € F}. The notation LV denotes the Lie
derivative of a scalar-valued differentiable function V' along
the vector fields f, that is, LV = VVT f. The union of sets
A; is denoted by vai 1A, and the intersection is denoted
by ﬂfi 1 Ai. The notation Cone(7T) represents the conical
hull generated by the vectors in the set 7 = {7,712, -},
ie. Cone(T) = {3, Mimi|lAs > 0.7 € T} Let |S| be the
cardinality of a set S. The symbol [M], where M € N,
represents the set {1,2,..., M}.

In this section, we review CLF-CBF-based QPs for safe
task execution, define the concept of deadlock, and outline
the problems addressed in this work. Consider a control-affine
system that follows dynamics:

= (o) + gla)u, ()
where v € X C R and u € U C R™ are the state and control
input vectors, with X and U being the admissible state and
input sets. The functions f : R® — R” and g : R™ — R™*™
are locally Lipschitz continuous. We assume that g(x) is full
rank for all values of x € X.
Definition 1 (CLF [17]): A positive definite function V' is a
control Lyapunov function (CLF) for system (1) if it satisfies:

inf {LV(2) + LV (w)u} < =y(V (@), @

where v : R>g — Rxq is a class K function that is strictly
increasing with v(0) = 0.

This definition implies the existence of a stabilizing control
that ensures the CLF decreases at any point outside the origin.
Many robotics applications, such as navigation [16], trajectory
planning [53], and formation control [54], can be encoded
using CLFs.

The concept of safety is defined by the zero superlevel set
of a continuously differentiable function / : R™ — R:

C={zeR":h(z)>0}. 3)
We refer to C as a safe set. The boundary and interior of set C
are defined by 9C = {z € R" : h(z) = 0} and Int(C) =
{z € R™ : h(z) > 0}. The system is considered safe as long
as the set C is forward-invariant, i.e. if (0) € C then x(t) €
C,Vt > 0. One way to render the set C forward-invariant for
the system (1) is to use CBFs in the controller design.
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Definition2 ( CBF [ 17]): Thefunctionh : X — Risa
control barrier function (CBF) for system (1) if it satisfies

sup(Lyh(a) + Lyh(z)u} > ~a(h(z)), &)

where o : R — R is an extended class K function that is
strictly increasing with (0) = 0, lim,_, oo () = %oc.

Consider multiple safety constraints encoded by M CBFs
hi, i € [M]. The control inputs set I that guarantee the safety
of system (1) is defined by

Us ={u el : Lih;y(x)+Lsh;(x)u > —a;(hi(x)), Vi € [M]}.

)
We assume that the M CBFs are compatible, i.e. Us # . A
safety-critical controller that guides the system to the origin
can be implemented by incorporating CLF and multiple CBF
constraints into a QP. Additionally, the controller can be
synthesized in a minimally invasive manner by using a nominal
controller @ as a reference input.

Definition 3 (CLF-MCBF-QP controller): The convergence
and multiple safety constraints of system (1) can be simulta-
neously achieved through an optimal control u* obtained from
the following CLF-MCBF-QP:

1 N e
st gl HO 0 ©
st. LyV(z)+ LyV(z)u+y(V(z)) <6 (6b)
Lihi(x) + Lghi(x)u + oi(hi(x)) >0 (6c)

i€ [M],
where relaxation variable ¢ in the CLF constraint (6b) relaxes
convergence objective and ensures the feasibility of the QP.

The control u*(x) is designed to maintain safety while
guiding the system towards convergence. However, if a conflict
arises between the convergence objective and safety con-
straints, the system may halt to prevent any safety violations.
Consider the closed-loop system

= fo(z) = f(z) + g(z)u*(x). )
The equilibrium condition of the closed-loop system (7) is
fea (ilieq) = 0. From a control perspective, deadlock occurs
when the system converges to an undesired equilibrium.

Definition 4 (Deadlock): An equilibrium z., is a deadlock
point of the system (7) if fe(zeq) =0 and V(x¢q) # 0.

An example illustrates the deadlock phenomenon in which
an integrator is controlled to the origin using the CLF-MCBF-
QP controller but becomes trapped in a deadlock point, as
depicted in Fig. 2. A potential deadlock region, surrounding
the deadlock point, can be observed, comprising states that
ultimately converge to the deadlock point. While this case
involves static unsafe regions, in multi-robot coordination, the
unsafe regions for each robot dynamically change and vary
due to their movements toward different tasks. Consequently,
the potential deadlock regions that robots may encounter are
also dynamic and distinct. To reduce the complexity of this
problem, this work aims to endow each robot with a deadlock-
aware capability so that collective deadlocks can be resolved
through individual reactive interactions. Specifically, this work
addresses the following set of problems:

Problem 1 (deadlock detection): Given system in (1) and
the CLF-MCBF-QP controller in (6), detect potential deadlock
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b L — V7 |4
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Fig. 2. Illustration of deadlock with a 2-D integrator controlled by a CLF-
MCBF-QP controller in the presence of two unsafe sets. The simulation setup
is given in Section IV-A. (a-c) Trajectories of the system leading to a deadlock
point. (d) Velocity vector diagram of the system at different states. Different
levels of deadlock risk are marked by vectors of different colors, following
the method in Section IV-B. The red arrow indicates weak deadlock, the
blue arrow indicates completely deadlock-free, and the purple arrow indicates
restricted deadlock-free.

regions in real-time based on the system’s current state, x(¢).

Problem 2 (deadlock avoidance): Given the system in (1)
and multiple dynamic CBFs, generate control inputs that
prevent the system from stabilizing at deadlock points while
adhering to the CBF constraints.

Problem 3 (multi-robot deadlock resolution): Based on the
proposed deadlock detection and avoidance methods, analyze
and resolve deadlock issues in different multi-robot coordina-
tion tasks with multiple safety constraints.

IV. DEADLOCK ANALYSIS IN CBF-BASED CONTROLLER

In this section, we analyze the characteristics of deadlock
under multiple safety constraints. Building on this analysis, we
propose a new deadlock detection method and discuss feasible
deadlock avoidance strategies.

A. Characteristics of Deadlocks

We now present key conclusions on deadlock by analyzing
the undesired equilibria in the closed-loop dynamics governed
by the CLF-MCBF-QP controller (6). When any of the in-
equalities (6b) or (6¢) becomes an equality, the corresponding
constraint is considered active, and the associated CLF or CBF
is said to be active. Let the set of all active CBFs be denoted
by H. Let & represent the set of deadlock points. Without loss
of generality, assume that the system’s goal is the origin and
lies inside the safety set. Moreover, assume that the reference
input @ guides the system to converge towards the goal along
the CLF, without considering safety constraints. Specifically,
this implies LV (2) 4+ L,V (2)@ < 0, with equality holding if
and only if = = 0. For the sake of simplicity, the dependency
on state x is omitted in the following formulation.

Theorem 1: The deadlocks in the closed-loop dynamics
resulting from applying the controller (6) to system (1) satisfy
the following properties:
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i. A necessary condition for deadlocks to occur is that
the negation of stabilizing force Fy must belong to the
conical hull formed by the active safety force Fj,,, i.e.

f+9u—py(V)GVV+Y NGV =0, (8)

7

——
Fy F,

where G = gg7 € R™™, \; > 0 and h; € H.

ii. The deadlocks are located at the intersection of all active
CBF boundaries, i.e., £ C (IC(h;), for h; € H.

Proof: We can use the Karush-Kuhn-Tucker (KKT) con-
ditions to analyze the properties of system (1) in deadlock.
The Lagrangian associated to the controller (6) is

1 1
£=gllu- all® + §p52 + X0 (LsV + LyVu +~(V) = 6)
M
= X (Lghi + Lghiu + oi(hi))
i=1
)
where \g, A1, - - - Apr are the KKT multipliers. Then, the KKT
conditions are deduced as follows:

gﬁ:u—ﬂ+AOLgVT—izl)\iLghf =0  (10)
oL
S5 =P A0=0 (11)
XM (LiV+LgVu+~4(V)—0)=0 (12)
Xi (Lgh; + Lghiu + a;(h;)) =0 (13)
i=1,2,-- M,

with Ao, A1, -+, Ay > 0. To solve the optimal primal-dual

solution, we have a categorical discussion.

Case 1: If the CLF constraint is inactive, we have L;V +
LyVu+~(V)—6 < 0and Ay = 0. Given the equilibrium
condition # = f+4gu = 0 and 6 = 0 from (11), it follows that
v(V) < 0. This contradicts the fact that V() is a positive
definite function. Therefore, no equilibria exist.

Case 2: Consider the case where the CLF constraint is active
and all CBF constraints are inactive, i.e. LyV+LyVu+vy(V)—
6 =0and thz +Lghlu+a,(h,) > 0, with A\yg > 0 and \; =
0,7 € [M]. The condition (10) changes to u—a+Xo L,V = 0.
Solving the KKT conditions, we have

LyV+L,Vu+~(V) T
=0 — L, V*. 14
U U p71 T HLgVH2 g ( )
Given the equilibrium condition, we have
_ LyV+LyVa+~(V)
f+gu— GVV =0. (15
p !+ LgV?

The condition for (15) to have a solution is f + gu = kGVV
for some constant x. Solving for x, (15) reduces to

f+gu=py(V)GVV. (16)
By left-multiplying equation (16) by VV'7, we obtain L V+
LyVia = py(V)|LgV|?. Since LyV + L,Va < 0 and
py(V)|LgV||? > 0, it follows that the equilibrium must
coincide with the goal. Therefore, deadlock cannot occur.
Case 3: Consider the case where the CLF constraint is
active, and the condition (12) becomes

LfV+LgVu+~/(V)—6:O,)\0 > 0. (17)

Without loss of generality, we assume that the first X' CBF
constraints are active and the next M — K CBF constraints
are inactive, where 0 < K < M. Hence, we have

thk; + Lghku + Ozk(hk) =0, A\>0, ke [K]
thj + Lgh.ju + Oéj(hj) >0, )\j =0, j€ [M] \ [K}
(18)
Substituting the KKT conditions (10)-(11) into (17) and (18),
we obtain the following linear system in Mg, A1, -+, Ag:

K
M(ILgVIP+p™1) =D NiLgVLGh{ = LiV+ LVt (V)

=1

(19)
K
AoLghiLgV"=> NiLgVLgh{ = Lyhy+ Lohiti+ g (h).
i=1
(20)

Substituting the KKT conditions (10) into the equilibrium
condition yields
K
f+ gt = XGVV + > NGVh; = 0. @n
Left-multiplying the equation (21) by VV7T, we have
K
LV + LV — Xol|LgVI* + > NiLgVLgh] =0. (22)

Substituting (22) into (19), we find Ay = py(V) at the equi-
librium state. Hence, the equilibrium condition (21) becomes
K
f+ga—py(V)GVV + > \iGVh; = 0.

Note that Fyy = f + gu — py(V)GVV characterizes the force
guiding the system towards the goal, while Fj, = GVh;
signifies the safety maintenance force. The condition shows
that the vector —Fy lies within the conical hull formed by
the vectors F},,, thereby proving Property i.

Then, left-multiplying the equation (21) by VA7, we have

K
MoLghLgVT = " NiLghxLgh! = Lyhy, + Lyhgii. (23)
i=1

Comparing equations (20) and (23), we find that ay(hy) = 0.
Since the goal is not on the boundary of the safe set, this
implies that deadlocks must occur at the intersection of all
active CBF boundaries, proving Property ii. |

Remark 1: Theorem 1 demonstrates that deadlock arises
from an undesired equilibrium between stabilizing and safety
forces, with the safety forces generated exclusively when CBF
constraints are active. The conical hull formed by multiple
safety forces can balance the stabilizing force within a certain
range, increasing the likelihood of deadlock. Notably, while
the resultant force in a QP can be directly computed through
its KKT multipliers, this approach implicitly assumes static
safety forces and captures only instantaneous system states.
However, as the system converges to the deadlock point, the
KKT multipliers dynamically adapt until the safety forces fully
balance the stabilizing forces. Therefore, the conical hull is
used to characterize the variable magnitudes of safety forces,
where the parameter \; in Eq. (8) can be any nonnegative
number. This approach can identify force balancing trends be-
fore reaching the deadlock point, thereby facilitating proactive
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deadlock detection at an earlier stage.

Remark 2: A subtle yet crucial point in Theorem 1 is that
only active CBFs contribute to deadlock, whereas inactive
CBFs do not form the conical hull. Furthermore, the safety
forces defining t he c onical h ull b oundary a re t he primary
sources of deadlock. Consequently, focusing on these safety
constraints can significantly simplify the identification of dead-
lock configurations. T he ¢ onical h ull a Iso ¢ haracterizes the
boundaries of potential deadlock regions, providing a useful
reference for deadlock avoidance.

To illustrate Theorem 1 more intuitively, a 2-D integrator
example is given.

Example 1: Consider a simple system @ = u, 2 € R?. Let
there be two stationary and circular obstacles centered at z., =
[-1.5, 7 and x., = [-2.5,0.5]7 with a radius of 0.8. We
use two CBF h; = 0.5)|lz — z.,||*> — 0.32,i = {1,2} and the
CLF V = 0.5z% + 2z2. No nominal controller is applied, i.e.
@ = 0. The integrator is regulated to the origin using the CLF-
MCBF-QP controller given in (6). Due to the dynamics of
the integrator, the deadlock condition (8) reduces to AgVV =

i1 AiVh;, where A\; > 0.

Fig. 2 (a)-(c) show the trajectory of the system starting
from the initial state zo = [—3,3]7 and getting trapped at
a deadlock point. The system’s stabilizing force is indicated
by blue arrows, and the red arrow indicates the safety force
when the CBF constraint is active. The system starts from a
sufficiently safe state where all CBF constraints are inactive,
and the control input is determined only by the CLF, as given
in (14). At t = 0.9 s, two CBF constraints become active, and
the stabilizing force falls within the conical hull formed by the
active safety force, satisfying the deadlock condition (8). By
t = 5 s, the system settles at the intersection of the boundaries
of the two CBF functions.

B. Deadlock Detection

Theorem 1 suggests that two conditions must be met for
deadlock to occur: 1) the robot is at the intersection of
all active CBFs, and 2) the robot’s stabilizing force lies
within the conical hull formed by the safety forces. Based
on these conditions, a deadlock detection method is proposed
to evaluate the robot’s current risk of deadlock.

Let H, be a set of active CBFs that generate safety forces:

HP = {hl | }L,,j S Pinyh’i + Lgh,iu* + &z(}h) = 0}, (24)
where p; > 0 is the lookahead value for the ith CBF. A
larger value allows the system to detect deadlocks caused
by this constraint earlier. The set of safety force generated
by each CBF is denoted by Fy, = {GVh;|h; € H,} and
let Cone(F3,) be the conical hull formed by F3,. We can
categorize the risk of deadlock into four levels based on the
relationship between [y, and Cone(Fyy,):

1) Completely deadlock-free state occurs when |#,| = 0. In
this case, the system can converge without limit, guided
by the stabilizing forces Fy, .

2) Restricted deadlock-free state occurs when |H,| # 0 and
—Fy ¢ Cone(Fy,). In this case, the stabilizing force
Fy runs the risk of falling into the conical hull.

Fig. 3. Deadlock risk levels: (a) Completely deadlock-free. (b) Restricted
deadlock-free. (c) Weak deadlock. (d) Strong deadlock.
3) Weak deadlock state occurs when —Fy € Cone(Fy,).
but JAFy € R™ such that —(Fy+AFy) ¢ Cone(Fay,).
In this case, there exists a half-space H(n.) = {y €
R"|nly > 0} such that Cone(Fy,) C H(n.), and Fy
can escape the conical hull by modulating its direction.
4) Strong deadlock state occurs when Cone(Fy,) covers
the entire R™ space, making it impossible for Fj  to
escape the conical hull.

Fig. 3 provides a visual representation of the four deadlock
types. The gray sector denotes the conical hull C’one(]—"ﬂp),
and the colored arrows depict different force vectors. In the
restricted deadlock-free state, although the robot is outside the
potential deadlock region, dynamic variations in stabilizing
or safety forces may still drive it into this region. In such
cases, keeping the stabilizing force outside the conical hull can
prevent deadlock. The weak deadlock state indicates that the
robot is within the potential deadlock region and approaching
a deadlock point. While motion is still possible, the system
will eventually settle at the deadlock point. However, by
actively adjusting the direction of the stabilizing force, it can
be transformed into a restricted deadlock-free state. In contrast,
the strong deadlock state offers no room for active adjustment,
leaving safety assurance as the only viable option.

Remark 3: In Theorem 1, the stabilizing force generated
by the controller (6) consists of three components: (i) the
force from the system’s dynamics, (ii) the force from the
reference control input @ and (iii) the force from the CLF
constraints. Importantly, if the CLF constraint is removed
from controller (6), the result of Theorem 1 still holds, with
Fy = f+gu. Hence, the proposed deadlock detection method
remains valid for the broader class of CBF-based controllers.

The risk of deadlock for the system in Example 1 is
evaluated across different states using our proposed method,
with the results presented in Fig. 2 (d). The lookahead value
is set to p = 3. The proposed method can accurately identify
the potential deadlock region, as indicated by the red arrows.
Outside this region, near the CBF boundary, the system is in
a restricted deadlock-free state, shown by the purple arrows.
When the system is far from the CBF boundary, it is in a
completely deadlock-free state, marked by the blue arrows.
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C. Feasible Strategies for Deadlock Avoidance

The deadlock analysis results suggest that keeping the
system’s stabilizing force outside the conical hull is key to
avoiding deadlock. Observing deadlock condition (8), there
are three strategies to achieve this goal.

1) Additional nominal control input: We can introduce an
additional control input, %, to steer the stabilizing force Fy
out of the conical hull. This modification adjusts the objective
function (6a), which now takes the form:

1 - 2. Lo
2Hu (u+ (lsu,uu,)H + 2p6 5 (25)

min
(u,6)ER™ xR

where ¢, is a logical selection function that activates when the
system approaches the deadlock point (¢, = 1) or remains
inactive otherwise (¢, = 0). Consequently, the deadlock
condition (8) becomes:
K
f+4 g+ datia) — py(VIGVV + > XNiGVh; = 0. (26)

This approach offers the advantage of allowing users to
freely choose u, to modulate Fy,. However, the convergence
guarantee of the CLF-MCBF-QP controller is compromised
because 7, can be considered a disturbance. Therefore, careful
design of ¢, (t) and @, is necessary to ensure the stability of
the system.

2) Narrowing deadlock range: We can reduce the coverage
of Cone(Fy,) to make Fy escape the potential deadlock
region indirectly. Inspired by [44], we can introduce auxiliary
control inputs into each CBF constraint to modulate the
constituent vectors [y, of Cone(Fs,) as follows:

L¢h; + Lghi(u + ¢r) + a(h;) >0, 27)
where ¢ € R denotes the magnitude of the auxiliary control
force, and r € R™ indicates its direction. New QP controller

can be formulated as (6a), (6b), and (27). Therefore, the

deadlock condition (8) becomes:
K

Fy + Z Ai(GVh; + p_1VIliTgr -gr)=0.
i=1

One can see from (28) that the auxiliary control ¢r will
modulate all of the component functions within the conical
hull. The authors in [44] used this way to avoid deadlock in the
single CBF case by adding a vector that is not perpendicular
to Vh. However, for multiple CBFs, it is difficult to find an
auxiliary control to allow for consistent changes in the conical-
shaped deadlock region.

3) Shaping control Lyapunov function: This strategy in-
volves modifying the shape of CLF so that Fy, varies with VV.
In [22], a virtual control signal acting as an angular velocity
is introduced to rotate a positive-definite, non-radial CLEF,
enabling the system to avoid the collinearity deadlock con-
dition. Compared to the other two strategies, the continuous
modulation of VV allows for a continuous variation of Fy/,
which can be leveraged to design a feedback controller that
prevents deadlocks. Additionally, preserving the CLF con-
straint can help to maintain system stability. However, the
changes in VV generated by simply rotating the CLF are
limited and may not be sufficient to guarantee escape from the
conical-shaped potential deadlock region. In the next section,

(28)
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Fig. 4. System trajectories under different CLF shapes. By scaling and
rotating the CLF, the system converges to the origin from various directions.
we will address this limitation to accommodate more complex
deadlock scenarios arising from multiple safety constraints.

V. DEADLOCK AVOIDANCE USING LYAPUNOV SHAPING

In Section IV-B, the deadlock detection method allows
the robot to identify potential deadlock regions using local
information. Here, we introduce a new reactive deadlock
avoidance method based on the Lyapunov shaping strategy.
The core idea is to escape potential deadlock regions by
instantaneously modulating the CLF shape and to prevent entry
into such regions through a virtual CLF shape controller. By
integrating deadlock detection and avoidance methods as a
stand-alone module within the CLE-MCBF-QP controller, we
establish a deadlock-aware control framework.

A. Parameterizing Control Lyapunov Functions

Consider a quadratic control Lyapunov function:

V(z) = 2T Pz, (29)
where P € R"*"™ is a positive-definite matrix and x rep-
resents the control error of the system, with a slight abuse
of notation. The matrix P defines the weighting relation-
ships among different elements, which can influence the
system’s convergence trajectory. See Fig. 4 for illustrative
examples. For any matrix P, spectral decomposition yields
P = QSQT, where Q € R™ ™ is an orthogonal matrix and
S = diag([s1, 2, , Sn]) is a diagonal matrix with positive
diagonal elements. In a geometric sense, @ € SO(n) is a
rotation state for the CLF and S is a scaling state. Since
P remains positive definite during the transformation, once
shape is fixed, the convergence guarantee of the CLF constraint
holds. Specially, define V; = x7x as the identity CLF with
P =T and @ = I. The gradient of V' with respect to x is

VV =Q8SQT . (30)
Note that VV' can be modulated to any vector within the half-
plane defined by {VV | VVTVV; > 0}.

To reshape the CLF continuously, define a virtual angular
velocity w € Rz"("=1) (o control the rotation of the CLF
level sets around the origin. Similarly, define a rate $ € R"
to control the scaling of the CLF level set along the rotation
axis. The dynamics of shape matrices () and S are

Q=Qw (la)
S =diag(s), (31b)

where & € so(n) is isomorphic to R2™"~1)_ For example,
for n = 3, & € R3*3 represents the cross product operator.
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B. Escaping Potential Deadlock Region

As @ and S are virtual shape parameters, VV can be
changed instantaneously to escape the potential deadlock re-
gion. To emphasize the contribution of V'V in stabilizing force,
the deadlock condition (8) can be reformulated as

—q@+VV= > \NVh, (32)
hi€H,
where ¢; = p~1y(V)"'G7(f 4 gu). For convenience of
expression, write g = —¢q1 + VV.

Escaping potential deadlock regions essentially involves
finding a new gradient VV"’ such that ¢ = —q; + VV’ lies
outside the Cone(V?H,). To tackle this, the reverse idea is
first determining ¢5 and subsequently calculating VV', i.e.
VV' = ¢4 + ¢1. Hence, the new shape matrices of CLF can
be obtained by

Q*,5* = argmin |QSQTz — VV|, (33)

The key idea behind selecting ¢4 is to identify an appropriate
boundary of Cone(VH,) and guide the variation of g in the
direction that moves away from the boundary as quickly as

possible. Define the boundary set VH, of the conical hull
Cone(VH,) by

VHg={Vhi|Vh; ¢ Cone(NH,\Vh;),hi € H,}, (34)

Fig. 5 (a) illustrates a typical case of weak deadlock. Note
that the boundary set VH,; may have multiple elements, and
we need to select valid boundaries as the reference for ¢5. Let
VH,. < V*Hg be the candidate boundaries. Recall that V1’
can be modulated to any vector within the half-space {VV |
2TVV > 0}, and the force ¢; typically guides the system to
converge. Therefore, all feasible ¢4 vectors lie within the half-
space {ga | g3 x > —q¥ x}, as depicted in the light blue region
in Fig. 5 (a). Clearly, to ensure the feasibility of g5, we need
to discard invalid boundaries Vh, that satisfy thm <0, ie.
VHe ¢+ VHN\A{Vh|VhTz <0,Vh. € VH.}.

For the rest of the boundaries in VH,., we can construct
multiple candidate g2 . that constitute the set Q.. Let J4 be
the distance vector from go to the boundary Vh,, and we have

0a = Pvn.q2 — ¢, (35)
where P, = I,, — vv’/||v]| is a matrix representation for the
orthogonal projection operator defined over a vector v € R™.
Therefore, a candidate g2 . can be determined by

@2,c = Pyn.q2 + Don(da), (36)
where n(d4) is the unit vector of d,. Note that g2 . obtained
from (36) may not be in the half-plane {go|zTq2 > —2Tq},
see the blue dashed vector in Fig. 5 (b). To handle this, we
amplify ¢z . by

42, Inax{—pq{:r/qg)crc, 1} - qo.c, (37)
where o > 1 is a scale factor. Finally, we choose the vector
that minimizes the change in ¢o:

) HQ2 - q2,c||~

c

(38)

, .
g = arg min
q2,:€Q

Fig. 5 (c) shows the new gradient VV’ generated according
to the rule (38). However, for deadlocks arising from robots
moving toward each other, if instantaneously generated ¢ are
on the same side, the trajectories of the robots may obstruct
each other. To address this, we can require that ¢} prioritize

Conel%H,) Cemig | TH )

(b)

Fig. 5. Schematic of avoiding weak deadlocks. The gray sector represents the
conical hull Cone(V?H,), and the light blue region represents all feasible
half-spaces formed by ¢}. (a) A typical weak deadlock case. (b) Two candidate
vectors g2 . for avoiding deadlocks, where g2 2 is deflated by (37). (c)
Stabilizing force ¢/, after modulation by the principle of minimum change. (d)
Stabilizing force ¢/, after introducing the principle of unidirectional variation.

changing in a specific direction. Let { € R™ be a reference
direction. Therefore, before executing (38), we can further
filter Q. by

Qc Qc \ {(12,c|8i9n((Q2 ® q2,c) . C) > 0; qc € Qc} (39)
Fig. 5 (d) illustrates the result of generating ¢, with the in-
troduction of unidirectional variation. The reference direction
vector points outward from the paper, so g» is required to
change counterclockwise.

C. Preventing Entry into Potential Deadlock Region

Once the robot escapes potential deadlock regions, it should
closely follow the user-defined behavior. For instance, if there
are no obstacles, the robot is expected to move in a straight line
towards its goal. At the same time, the robot needs to avoid
entering potential deadlock regions to prevent weak deadlocks.
Therefore, a virtual controller is designed to control the CLF to
rebound to its desired shape while maintaining a safe distance
from potential deadlock regions.

Define w,(t) and $,.(t) as reference virtual control inputs
that drive the shape of the CLF to converge to the user-
specified parameters (), and S,.. When the system is in a
restricted deadlock-free state, activate a virtual CBF constraint
to maintain a safe distance Do from Cone(VH,). In re-
stricted deadlock-free state, the distance vector §; from ¢
to Cone(V?H,) is defined by

04 =arg r%in 16| (40a)
s.t. 6@ =g — PVthQ (40b)
Vhg € VHg A VhEq >0, (40c)

where the mask Vh,gq2 > 0 implies that the safety force
is preventing the system from converging to the goal. The
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Fig. 6. The scheme of the proposed deadlock-aware control framework. A
CLF shaping module serves as a plug-in to the CLF-MCBF-QP controller,
cnabling it to resolve deadlocks while maintaining safety.
distance D to the Cone(V#H,) is defined by D = |d4].
Hence, the virtual CBF constraint can be formulated as
D > ~p(D - Do), @1)
where Dy > 0 is the safe distance for deadlocks and f(-) is
an extended class I function. Since the virtual control only
influences the shape matrices of CLF, we can consider D as a
function of @) and S, independent of the system state x. The
time derivative of D can be expressed as:
oD oVV . oD OVV . 1
“avv as” Tavy ag @ “42)
Note that the gradient aav% represents the direction of the
fastest increase of the distance function D along VV. Geo-
metrically, we can interpret aavinv ~ 04. Hence, integrating the
constraint (41) and referred shaping rates, the virtual controller
can be formulated as

X

min |lw —w.|| + [|$ = $| (43a)
w,$

ovV . ovV .

——S+67—Q < -B(D - Dy).
The controller prevents the system from entering the potential
deadlock region when constraint (43b) is active; otherwise, it

ensures that the CLF rebounds to the user-defined shape.

st oF (43b)

D. Properties of Proposed Control Scheme

We encapsulate the proposed methods into a CLF shaping
module and integrate it as a plugin within the CLF-MCBF-QP
controller, forming a deadlock-aware control framework, as
shown in Fig. 6. The pseudocode for the CLF shaping module
is presented in Algorithm 1. In each control cycle, the module
operates as follows: it first evaluates the system’s deadlock
risk based on the information from local controller (6). If the
system is in weak deadlock state, the module instantaneously
reshapes the CLF to escape the potential deadlock region

Algorithm 1: CLF shaping module
Input: system dynamics: f, g, x; CBFs/CLF: H, V;
parameters: p, Q,, Sy; @ (optional).
Output: New shape parameters ), S of CLFE.
1 Calculate H,, VH,, g2, VHa;
2 switch identified deadlock state do
3 case weak deadlock do

4 VH. VHyg

5 VHe VHNVR|VATz <0,Vh. € VH.};

6 Q. «+ I

7 for Vh. € VH,. do

8 § < Pon.g2 — qa;

9 qé — Pyn,q2 + Do7l((5);

10 a3 < max{—pq{ v/¢5"x,1} - ¢b;

u Q. Q.Ug

12 Qe + Qc\ {aelsign(((®qc)-qc) > 0,qc € Qc}
(Optionally);

13 ¢'  argmin|lge — goll,¢c € Qe

14 VYV« g5 —qu;

15 Calucate @, S from (33).

16 case strong deadlock do

17 | No operation.

18 case deadlock-free do

19 Calculate reference rebound inputs s, wy;

20 if restricted deadlock-free then

21 D+ {q2 — Py.2lq. € QN g3 qc > 0}:

2 if |D| # @ then

23 0 argmin ||0.]]2,0. € D;

24 L Activate virtual CBF constraint (41)

25 Calculate CLF shaping rates w, $ from (43);

26 Update CLF shape matrices @, S via (31).

(Algorithm 1, lines 3-15). If the system is free from deadlock,
the module continuously adjusts the CLF shape to the user-
specified value while preventing the system from entering
potential deadlock regions (Algorithm 1, lines 18-26). Overall,
the proposed control scheme has the following properties.

1) Almost weak deadlock-free: When the robot enters a
weak deadlock, the potential deadlock region Cone(VH,)
always lies within a half-space. Recall that the CLF shaping
module confines the stabilizing force to {ga|g] > —q17}, so
its feasible region generally overlaps Cone(VH,). However,
in the degenerate case where Cone(V#H,) exactly equals a
half-space H(n.) whose normal n. aligns with the control
error x, the limit of the modulated stabilizing force is tangent
to the boundary of the deadlock region, and the robot cannot
escape from weak deadlock. A detailed analysis is provided
in Appendix A. Except for this case, the CLF shaping module
can always adjust its shape parameters to drive the robot out of
the weak deadlock, as demonstrated in the following lemma.

Lemma 1: Consider a robot following the kinematic
model (1) with f = 0 and controlled by controller (6) with @ =
0. If the robot is in weak deadlock, i.e. go € Cone(VH,) C
H(n.) and assuming that the control error x } n., then
Algorithm 1 can always determine new shape matrices @
and S such that the deadlock condition (8) is violated, i.e.,
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VYV’ = QSQTx such that —q1 + VV’ ¢ Cone(VH,,).
Proof: See Appendix B. |
Remark 4: In the case of a robot being in a strong deadlock,
the CLF shaping module remains inactive, as no permissible
solutions can enable the robot to escape from the deadlock
condition. However, the strong deadlock of an individual robot
does not imply a system-wide deadlock. In an open workspace,
severe congestion is resolved progressively, starting with
robots in weak deadlock. As these robots regain mobility and
move away, those in strong deadlock will transition into weak
deadlock, allowing the congestion to be alleviated gradually.

2) Preservation of Safety and Convergence: The proposed
CLF shaping module modulates only the CLF constraint (6b)
in the CLF-MCBF-QP controller, leaving the CBF constraints
intact. This design guarantees that the control input continues
to enforce safety, as guaranteed by Nagumo’s Theorem [17].
Furthermore, since the CLF undergoes only rotation and
scaling transformations, its positive definiteness is inherently
preserved. When CBF constraints are active, any equilibrium
indicates a deadlock state. In this case, Algorithm 1 dynami-
cally adjusts the CLF shape to avoid the necessary conditions
for deadlock, as proven in Lemma 1. When no CBF constraints
are active, the CLF shape controller reshapes the CLF to a
predefined value, allowing the system to converge toward the
target (see Case 2 in the proof of Theorem 1). Consequently,
the proposed framework maintains the convergence guarantees
inherent to CLF constraints.

3) Distributed: The proposed framework requires two types
of information. The first type enables the CBF-based controller
to ensure safety during task execution. As shown in numerous
studies, CBF controllers can effectively utilize local informa-
tion to achieve safe task completion [43], [55]. The second
type of information is required by the CLF shaping module.
As detailed in algorithm 1, each robot depends solely on its
own system dynamics, locally computed CBFs and CLF, and
predefined parameters to detect and avoid deadlocks. Since
the CLF shaping module operates without requiring global
information, the proposed framework inherits the distributed
nature of the underlying CLF-MCBF-QP controller.

4) Computationally efficient: We analyze the computational
complexity of proposed method. A commonly used method for
solving a QP is the interior-point method [56], which has a
computational complexity of O(N, M3+ N2ZM?2+ N3+ M3),
where N, denotes the dimension of the optimization variables,
and M, denotes the number of constraints. In (6), we have
N, =m+1and M. = M+1, where m is the dimension of the
control input and M is the number of CBFs. In Algorithm 1,
the computational cost is dominated by solving the shape
parameters (33) and the virtual controller (43). Problem (33)
can be converted into a QP with N, = n(n —1)/2 + n vari-
ables, giving it a computational complexity of approximately
O(N2). Similarly, solving the QP (43), which has one linear
constraint, also has a computational complexity of O(N3).
Compared to the CLF-MCBF-QP controller, the additional
computational load introduced by the CLF shaping module
is minimal. Hence, the deadlock-aware control framework is
computationally efficient.
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Fig. 7. Simulation results obtained by deploying deadlock-aware control
framework in Example 1. (a) System’s trajectory. The shape of the CLF varies
with the state of the system. (b) The evolution of CLF shape parameters.
Deadlock risk levels at different times are marked by different colored
backgrounds: light yellow represents the completely deadlock-free state and
light green represents the restricted deadlock-free state. (c) The evolution of
control inputs. (d) The evolution of the distance to the deadlock region, where
a negative value indicates a weak deadlock state.

E. Deadlock Avoidance in a Toy Example

A toy example is utilized to verify the theoretical correctness
of the proposed method. The simulation setup is similar to
Example 1, but includes a virtual CLF shaping module. In the
2D case, the CLF shape parameter () can be characterized by
a rotation variable 6 and a scale parameter S = diag([s1, s2]).
The lookahead value is p = 1.5, the scale factor is p = 1.1,
and the safe distance for deadlocks is Dy = 1.5. Additionally,
we quantify the risk of deadlock in the system using the
distance D to the deadlock region. Specifically, when the
system is in weak deadlock state, D = —||d4||, where dq is
given by (35). When the system is deadlock-free, D = ||d4
where §4 is given by (40).

Fig. 7 shows the process by which the system avoids
deadlock, with the CLF shape adapting to varying levels of
deadlock risk. At t = 0.9 s, the system detects a weak
deadlock state and instantaneously adjusts the CLF shape.
From t = 0.9 s to t = 3.6 s, the virtual CBF constraint
maintains the CLF shape, ensuring the system stays at a safe
distance from potential deadlock regions. After ¢ = 3.6 s, the
system reaches a completely deadlock-free state, and the CLF
rebounds to its user-defined shape. Comparing results in Fig. 2,
the integrator successfully avoids the deadlock and reaches the
goal in a smooth trajectory.

>

VI. CONTROLLER SYNTHESIS FOR DEADLOCK-FREE
MULTI-ROBOT COORDINATION

In this section, we establish a generalized workflow to
systematically analyze and resolve deadlocks across various
multi-robot tasks. With a focus on multi-robot navigation and
leader-follower formation tasks, we design specific controllers
and analyze deadlock configurations.
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() (b) ©

Fig. 8. Deadlock configurations in multi-robot navigation. The solid disk
represents a robot’s location where deadlock can be detected in advance, and
the dashed disk indicates the location when deadlock occurs. (a) Special weak
deadlocks occur when two robots are aligned. (b) General weak deadlocks
occur when multiple robots move symmetrically in opposite directions. (c)
Strong deadlocks occur when the robot is surrounded by other robots.

A. Workflow for Multi-Robot Deadlock Resolution

A generic workflow for synthesizing deadlock-free and safe
controllers for multi-robot coordination is outlined as follows:

Step 1: Design a CLF-MCBF-QP controller for multi-
robot coordination, where the CLF and CBF encode the task
objectives and safety constraints of the robots, respectively.

Step 2: ldentify deadlock configurations of robots. Theo-
rem 1 provides two necessary conditions for deadlocks. From
this point forward, we have the following lemma.

Lemma 2: If the robot follows the kinematic model © =
g(x)u*, where u* is from controller (6), and the robot reaches
the intersection of the boundaries of K active CBFs, i.e.
hj(xz) =0 for j € [K], and satisfies the deadlock condition:

a—py(V)g' VvV + Z kig"Vh; =0, (44)
J
where k; > 0, then the robot is in deadlock, i.e., u* = 0.
Proof: See appendix C. |

Note that in (44), multiple CBFs can contribute to deadlock,
but the key terms are those that form the boundary of the
conical hull, as discussed in Section IV-B. Therefore, when
identifying deadlock configurations, it is sufficient to consider
only the CBF constraints corresponding to the boundary.
Additionally, due to the variety of CBF constraint types, com-
binations of these types must be examined to comprehensively
identify all possible deadlock configurations.

Step 3: Insert the CLF shaping module (Algorithm 1)
into the CLF-MCBF-QP controller and adjust the parameters
accordingly. For different types of safety constraints, we can
allocate different lookahead value p in (24) to provide early
deadlock warnings without making the system overly sensitive.

B. Deadlock Configuration in Multi-Robot Navigation

We first identify and resolve deadlocks in multi-robot navi-
gation using the proposed workflow. Consider a system of NV
mobile robots, where each robot i is represented by p; = u;,
with p; = [ps,i,ps;]T as its position, u; = [vg,v,]7 as its
velocity, and ¢ € [N]. The goal for robot i is to reach a
designated position pg, while avoiding collisions with every
other robot. For collision avoidance, we formulate the inter-
robot CBF h;; = ||Ap;;||> — D2, and the CBF constraints are
constructed as (p; — p;)Tu; > S hi;. Since each robot only
needs to avoid collisions with nearby robots, we define the the
neighbor set of robot ¢ as N;, which can be determined by a
predefined sensing radius. To reach the target, we construct a
CLF V; = ||[p; — pa,||* for each robot instead of relying on

a nominal controller. Then the CLF-MCBF-QP controller for
robot ¢ takes the form:

* 1 1
u; =argmln§||uiH + 51)(52
st (pi—pa) wi <=y (Vi) +0
« .
- (pi *pj)TUi < thjj,j eN;.

(45a)
(45b)

To identify deadlock configurations, we substitute the terms
from the controller (45) into the condition (44) and have

pi—pa, = k(0 —py).
j

The deadlock configurations described by (46) are visu-
alized in Fig. 8. For two robots, the deadlock condition is
simplified to p; —pa, = k;(p;—p;), indicating a weak deadlock
when the robots are located on the connecting line between
their respective targets, as shown in Fig. 8 (a). Fig. 8 (b)
illustrates a general weak deadlock situation with multiple
robots moving in opposite directions. A stable weak deadlock
occurs when all robots satisfy this condition in a symmetric
configuration. Fig. 8 (c) shows a case of strong deadlock,
where robot 4 is surrounded by robot j in relative motion. In
this case, the conical hull covers the entire plane and no actions
taken by the robot can avoid deadlock. Note that although
Fig. 8 only illustrates deadlock configurations among disk-
shaped robots, similar configurations also arise with polygonal
robots, which can be analyzed using the same workflow.

(46)

C. Deadlock Configuration in Leader-Follower Formation

Deadlock configurations in multi-robot formation tasks arise
from different types of safety constraints. Consider a team of
N robots that navigate through an obstructed environment in a
predefined formation. To achieve this, each robot coordinates
with neighbors according to the communication topology G =
(V, E, A), where V = [N] represents the robot nodes, £ C
V x V defines the communication links between robots, and
A is the adjacency matrix with a;; = 1 if (¢,j) € E, and
0 otherwise. For robot i, the set of neighbors is denoted as
N; = {jlai; = 1}. The formation is defined by the relative
positions of the robots in the target formation, f;; = pa, — Dd;»
which is constant and known as a prior.

The robots are assigned two roles: leader and follower.
The leader directs the formation towards the goal, while
the followers coordinate their relative positions to maintain
the desired geometric shape. Based on the communication
topology, the control errors for the leader, ¢!, and the follower,
e{ , can be derived as:

b= (pi—pa)+ Y (pi—pj— fij) (47
JEN;
el =3 (pi—p;— fis)- (48)
JEN;
Therefore, the CLF can be constructed as V; = |

To ensure the connectivity of the communication topology,
the distance between each robot and its neighbors must be
maintained within the communication radius R., which is
achieved by constructing a CBF h;; = R2 — ||(pi — p;)||?
for each edge (i,j) € E. In addition, collisions between the
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Fig. 9. Examples of weak deadlocks in multi-robot formations. (a) Weak
deadlocks dominated by a combination of collision avoidance constraints and
connectivity constraints. (b) Weak deadlocks caused by collision avoidance
constraints or connectivity constraints alone.
robot and its neighbors and obstacles have to be considered.
For robot ¢, the set of surrounding obstacles is denoted as
O;, and the distance from robot 4 to obstacle o; is denoted
as D(p;,0;j), where o; € O;. Hence, the CLF-MCBF-QP
controller for robot ¢ is designed as:

1 1
ul :argm1n§\|ui|\ + 51752

st eluy < —y (Vi) +6 (492)
— (pi — ;) u; > a(hij). j € N; (49b)
VD(p;,0i) u; > a(D(pi,07)),0; € Oi.  (49¢)

The deadlock condition for robot ¢ can be obtained by substi-
tuting (49) into (44):
LK)

ei =Y _kIVD(pi,0)
je

where k7 > 0, k§ > 0, D(pi.0j0) = 0 and j. € {]|h1‘j = 0}.

Fig. 9 illustrates deadlock configurations of formation task
resulting from (50). In 2D scenarios, with at most two bound-
aries for conical hulls, there are at most two critical constraints
causing deadlocks. By combining the types of constraints
that form the boundary, weak deadlocks can be further cat-
egorized into three types. One type involves a combination
of collision and connectivity constraints. In Fig. 9 (a), an
example scenario is given where a robot formation approaches
a large obstacle. The collision avoidance constraints require the
robots to maneuver around the obstacle’s boundary, causing
the formation to split. This splitting subsequently triggers
connectivity constraints between robots, creating a conical-
shaped deadlock region. Two other types of deadlocks are
caused solely by collision avoidance or communication con-
nectivity. A typical scenario is when the formation navigates
through a narrow passage, as in Fig. 9 (b). When robots are
congested at the entrance, the collision avoidance constraints
between the robots and between the robots and obstacles
jointly create deadlocks, preventing the robots from moving
forward. Even if some robots have already passed through,
they can still encounter deadlock if the rest of the formation
is stuck at the entrance. This occurs because the deadlock
region generated by the connectivity constraints aligns with
the moving direction, satisfying the deadlock condition (50).

(50)

D. Validation in Simulation

We use ablation tests to validate the identified deadlock
configurations and the effectiveness of the proposed method.
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Fig. 10. Simulation results for multi-robot navigation. The label “shaping
off” indicates the CLF-MCBF-QP controller, while “shaping on” indicates
that the CLF shaping module is employed. (a) Three robots stop moving at
the intersection. (b)-(d) All robots navigate to the target location. One can see
a large lookahead value p is employed, the sooner deadlock is circumvented.
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Fig. 11. Simulation results of multi-robot formation navigating through a
large obstacle and a narrow corridor. The leader robot is highlighted in red,
while the followers are in blue. Black lines represent the communication
topology, and cross symbols indicate the goals. Trajectories are color-coded
from red for faster speeds to blue for slower speeds.

For different tasks, deadlock can be solved by plugging
the CLF shaping module into the CLF-MCBF-QP controller
without theoretical modifications.

Fig. 10 illustrates a scenario consisting of three robots
exchanging positions starting from a perfectly symmetric
configuration. Under the benchmark controller, robots move
closer to the center, gradually decelerate, and eventually sta-
bilize to a weak deadlock configuration as shown in Fig. 10
(a). In our method, we use different lookahead values to
predict deadlocks and the reference direction ( is along the
normal direction of the plane pointing outward, requiring the
stabilizing force to prioritize clockwise change. As shown in
Fig. 10 (b-d), all robots successfully navigate to the target
location. Additionally, increasing the lookahead value allows
the system to detect potential deadlocks earlier, enabling a
more conservative strategy to avoid them.

Fig. 11 illustrates two scenarios of a multi-robot formation
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TABLE 1
THEORETICAL COMPARISON OF DIFFERENT STATE-OF-THE-ART METHODS FOR DEADLOCK RESOLUTION

KKT Deadlock Potential . Obstacle dense
Methods Conclusion Deadlock Flag Avoidance Strategy Deadlock Reactive Environment

Ours conical hull conical hull force modulation v v 4
[22], [44] collinearity collinearity force modulation v v —
CBF-based [14] point geometric features global planner v X v
[40] point feasible set size consistent disturbance X v v
[52] point velocity threshold geometric strategy X v -
BVCs-based [33] point terminal overlap force miodulatlon v v —
[35] [42] - geometric features geometric strategy v v -
Trajectory [321, [37] — terminal overlap priority assignment v X v

Optimization

(The symbol ‘-’ denotes features that are not involved.)
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Fig. 12. Simulation results of heterogeneous polygonal robots navigating in
an environment with polygonal obstacles.

task, where the robots get stuck in different deadlock con-
figurations. In the first scenario, a formation of four robots
navigates around a large obstacle. As shown in Fig. 11 (a),
under the benchmark controller, the robots will fall into
weak deadlocks due to formation splitting. In the second sce-
nario, the formation needs to pass through a narrow passage.
Fig. 11 (c) depicts deadlocks occurring at the passage entrance
under the benchmark controller, with the follower and leader
both getting stuck. In contrast, using our proposed method,
the formation successfully avoids deadlocks and reaches its
destination, as shown in Fig. 11 (b) and (d).

Fig. 12 presents the simulation results of a team of hetero-
geneous, polygon-shaped robots navigating among uniformly
distributed polygonal obstacles. Both robot start and goal po-
sitions are uniformly sampled within the workspace. With the
original controller, two deadlocks occur (marked by red circles
in Fig. 12(a)): one collinear deadlock between a triangular
robot and an obstacle, and one conic deadlock involving three
robots in a narrow choke point. By contrast, with our proposed
method, all robots successfully reach their target poses, as
shown in Fig. 12(b).

VII. COMPARISON ALGORITHMS

A. Qualitative Comparison

We have compared several deadlock resolution methods and
summarized their key features in Table I. For work involving
equilibrium analysis, most focus only on the force balance
properties at the deadlock point, which can only be used to
check the current state. To detect potential deadlocks, these
methods require additional flags, such as terminal overlaps in
the robot’s future waypoints. When it comes to the coexistence
of collision avoidance and connectivity maintenance con-
straints, geometric features can only describe typical deadlock
configurations. Work [14] empirically identifies areas where
deadlocks are likely to occur and uses the global planner
to make the robot avoid these areas. Buffered Voronoi cell
(BVC)-based methods use cell boundaries and detour points
to avoid deadlocks, but they require robots to follow the
same rules and have not been validated in obstacle-dense
scenarios. Trajectory-optimization methods can incorporate
more complex dynamic models and generate long-horizon
trajectories, achieving excellent motion performance. How-
ever, in the context of deadlock avoidance, these methods rely
on heuristic strategies that require robots to share high-level
information—such as priorities and future waypoints—and
may still become trapped in local optima.

Deadlock flags derived from abstract safety constraints
encoded by CBF have better generalization. Works [22], [44]
have used collinearity conditions but are limited to systems
with a single CBF constraint. In contrast, our method in-
troduces conic hull analysis, which not only accommodates
multiple safety constraints encoded by CBFs but also enables
detection of potential deadlocks. Moreover, since deadlock
avoidance strategy is built on a generic controller, it is applica-
ble to various tasks, like navigation in obstacle-dense environ-
ments and formation control with connectivity requirements.

B. Quantitative Comparison

For quantitative comparisons, we evaluated methods capable
of multi-robot navigation in obstacle-dense environments. For
clarity, we refer to the methods from [32] as LSC (Linear
Safety Corridor), [37] as RSC (Recursive Safety Corridor),
and [40] as CBF-CD (Consistent Disturbance). In the tests,
20 robots were initially distributed along a 6 m radius circle,
tasked with swapping positions in an environment with 15
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(c) RSC

(d) LSC
Fig. 13. Comparison of four methods in a multi-robot position swap task.

TABLE II
COMPARISON RESULTS ON NAVIGATION PERFORMANCE METRICS

Methods SR Ty L+ Te
Ours 100%  33.07 £ 3.79  14.75 £ 0.39 1.1
CBF-CD [40] 100% 3936 £ 9.66 1647 + 1.74 4.7
RSC [37] 98% 3420 + 5.12 1451 +£ 059 8.5
LSC [32] 94% 4526 + 595 1576 +0.73  10.1

(SR: success rate; Tp[s]: mean task completion time; L¢[m]: mean
trajectory length of each robot; 7.[ms]: mean computation time per
step. The number following =+ represents the standard deviation.)

obstacles. We ran 50 Monte Carlo trials, randomly varying
obstacle positions. All trials were conducted on the same
computer with an Intel Core i9-13900H @ 2.6 GHz. Except for
LSC method, which is implemented in C++, all other methods
are implemented in Python.'

The sampled trajectories and quantitative metrics from suc-
cessful trials are shown in Fig. 13 and Table 1I, respectively.
While both LSC and RSC methods achieve relatively high
success rates, their heuristic-based planners occasionally fail
to resolve navigation conflicts. Our method and the CBF-CD
method can accurately categorize deadlock types and respond
accordingly, achieving a 100% success rate. However, since
the CBF-CD method only addresses deadlocks after they
occur, robots need to repeatedly attempt to resolve the issue,
leading to longer trajectories. In contrast, our method can
detect potential deadlocks and respond promptly, significantly
improving efficiency in avoiding deadlock.

The LSC method requires dividing the map into grids no
smaller than the robot size and adopts a more conservative
strategy, such as waiting for other robots to pass, resulting in
the longest task completion time. The RSC method iteratively
optimizes trajectories by exchanging future waypoints with
neighboring robots and using dynamic priorities for deadlock
resolution, achieving the shortest average trajectory length.

IThe source code for this implementation is available online at https://
github.com/Parker-Zhang/Shaping-CLF-MCBF

Fig. 14. Hypothetical manufacturing scenario, where six robots collaborate
to perform a sequential task in parallel. Each robot is required to follow a
fixed sequence of stations A-B-C-D.

Overall, our method outperforms the others in terms of effi-
ciency, recording the shortest task completion time and a com-
petitive trajectory length. Among all methods, our approach
exhibits the smallest standard deviation across all metrics,
demonstrating its consistency. With regard to computational
efficiency, LSC and RSC plan long-horizon trajectories online
and therefore incur higher percycle computation times. By
contrast, our reactive framework achieves a computation time
of only 1.1 ms per control cycle, underscoring its suitability
for real-time applications in dynamic environments.

VIII. REAL ROBOT EXPERIMENTS

In this section, we conduct physical experiments to test
the performance of our methods in a distributed multi-robot
system with asynchronous control and imperfect motion abil-
ity. The platform consists of a team of Mecanum robotic
cars, each equipped with an onboard computer, Raspberry Pi,
for locally running the proposed controller, and a wireless
module for communication. The robots obtain their own poses
through a motion capture system and track input velocity
using a low-level PID controller. The poses of neighboring
robots are acquired by processing data packets broadcast by
other robots, which are transmitted via a UDP-based protocol
implemented using the LCM communication library [57]. The
communication range is limited to an ideal value by discarding
information outside the set range. A remote computer is used
solely for collecting the robots’ log data.

A. Multi-Robot Parallel Operation Task

In the first test, we demonstrate the application of our
proposed controller in a hypothetical manufacturing scenario,
where six robots collaborate in a shared workspace to perform
a sequential task in parallel. The simulated factory, shown
in Fig. 14, occupies an area of around 2.5 m X 3.5 m and
is distributed over four workstations. Each robot is required
to follow a fixed sequence of stations A-B-C-D. Lanes A-B
and C-D intersect, potentially causing congestion. Moreover,
potential deadlock situations arise at the entry and exit of
each workstation when one robot leaves after completing
its work and another robot requests entry. To verify the
proposed method’s ability to resolve deadlocks, no high-level
coordination is imposed.

The pose of robot i is denoted as z; = [p;,0;]T, where
Pi = [Pix,Pi,y) 1s its position and 6; is its heading angle.



IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO paper.

t=240 s [ Shaping.On.

A
Shaping Off B £20s

t=300s [ _Shapin

shngoffﬁl-t 60's shmgoff!-t-nos Samgoff‘tl-t 180's

Fig. 15. Snapshots of the multi-robot parallel operation experiment comparing the performance under the CLF-MCBF-QP controller with and without CLF
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Fig. 16. The number of tasks completed by each robot with (a) and without
(b) the CLF shaping module.

The control input of robot 4 is given by u; = [v; 4, Vs y, Wi,
with max(|v; |, |[viy]) < 0.3 m/s and |w;| < 1 rad/s. To
increase the efficiency of collaboration, robots are allowed
to work simultaneously around the workpiece. Therefore,
a virtual stand-off circle with radius Ry and center pj is
designed for each workstation, where & € {A,B,C,D}
corresponds to different workstations. The position error for
robot i to station k is e;r = (||pixl — Rk)pik, where
Pi,k = Pi — pk. The CLF used for converging to the stand-off
circle is defined as V;, = eZkPei,k, where P is the shape
matrix of the CLF. In addition to reaching the stand-off circle,
the robot needs to orient towards the workpiece, with its target
heading angle given by 0, = arctan(%) A nominal
controller % is provided to adjust the robot’s heading angle,
where @; = [0,0,—0.8(¢; — 6;,)]T. For collision avoidance,
we use signed distance functions [58] to measure the distance
between robots and obstacles, and employ the differential
approximation method to compute the gradient.

Each robot is initially assigned a random target worksta-
tion and visits workstations sequentially in the order A-B-
C-D. We conducted identical experiments to compare team
performance with and without the CLF shaping module in
the controller. Each experiment ran for a sufficient duration to
minimize deviations caused by initial configuration random-
ness. Snapshots of the experiments are shown in Fig. 15. Under
the benchmark controller, the robot team entered deadlock
shortly after operation began, whereas the proposed method
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Fig. 17. Trajectory heatmaps, depicting the probability distribution of robot
occupancy in the environment over time. Magenta circles mark standoff
circles. (a)-(d) show the results using the proposed method. The maximum
probability presented is 50% to emphasize distribution differentiation. (e)
shows the result under the CLF-MCBF-QP controller. The high probability
locations in the heatmap correspond to the deadlock configuration.

maintained continuous team activity throughout. The number
of tasks completed by each robot is shown in Fig. 16.
A task is considered completed when a robot reaches the
standoff circle and completes the heading angle adjustment.
With the benchmark controller, one robot experienced imme-
diate deadlock (evidenced by a stagnant task count), which
progressively caused team congestion and ultimately system-
wide deadlock at approximately 90 seconds. In contrast, our
approach demonstrated higher task completion efficiency, with
consistently increasing task counts across all robots.
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Fig. 18.  Average congestion level for each 1-minute time interval across
ten independent tests. The bars represent the mean congestion levels, and the
error bars indicate the range from the minimum to the maximum.

To measure congestion in the environment during parallel
operations, we conduct statistical analysis of the robot team’s
trajectories. The workspace is divided into 0.05-meter grids,
and we calculate the occupancy probability of each grid over
specified time intervals. Fig. 17 presents these statistical results
as heatmaps, where darker colors indicate higher probabilities
of robot presence within the grid during the time interval, and
lighter colors denote lower probabilities. Fig. 17 (a-d) show
trajectory heatmaps generated using the proposed method. The
heatmaps are capped at a maximum displayed probability of
50% to enhance color differentiation. Analysis reveals that
during the initial 60-second period, the trajectory distribution
remains uniform, which indicates smooth robot motion. In
subsequent intervals, the area between workstations B and C
exhibits more severe congestion compared to other regions.
This congestion arises because the narrow space between these
workstations serves as a junction for entry and exit points.
Despite the absence of higher-level coordination, the proposed
method prevents system-wide deadlocks and maintains orderly
robot operations. For comparison, Fig. 17(e) displays the
trajectory heatmap from a controller without the CLF shaping
module, where six distinct high-probability regions correspond
to robot deadlock configurations.

To quantify the likelihood of congestion, we define a robot
as congested if its speed is very low and it has not reached
its target (||lv;]] <= 0.05 m/s, |le;|| > 0.1 m). The system
congestion level is measured by the percentage of congested
robots at each time step, where 100% congestion indicates
system-wide deadlock. We conducted ten repeated trials for
both the benchmark controller and our proposed method, with
each trial lasting 5 minutes. Data were sampled at 1-minute
intervals, and the average congestion level was calculated for
each time interval, as shown in Fig. 18. Results demonstrate
that the benchmark controller caused more severe congestion,
reaching 80% after 2 minutes in most trials. In contrast,
our method maintained the system’s average congestion level
below 20% throughout all trials. Even when temporary conges-
tion spikes occurred (e.g., exceeding 40% during the second
interval), the proposed method effectively mitigated congestion
and prevented system-wide deadlock.

B. Formation Navigation Task

In the second test, a team of robots navigate through
obstacles and transition from a trapezoidal to a rectangular
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Fig. 19. Trajectories of robot formations, with the communication topology
represented by a black line graph. (a) The formation reaches the target
successfully under our proposed method. (b) Under the CLF-MCBF-QP
controller, the entire formation is stuck because Robot 1 is deadlocked.
formation. Throughout the process, the team needs to maintain
a fixed communication topology and the communication radius
of the robots is set to R, = 1.2 m. Fig. 19 (a) and (b) re-
spectively show the trajectories and formation snapshots under
controller (49) with and without the CLF shaping module. The
trajectories are generated by overlaying robot shape markers
at different time instances, where black lines depict inter-robot
communication topology. Under the benchmark controller,
the formation becomes stuck during the transition and fails
to complete the task. In contrast, our method enables safe
navigation and successful formation transition.

Fig. 20 presents the quantitative results of each robot during
formation navigation, where Figs. 20 (a)-(d) correspond to
the controller (49) with CLF shaping module, and Figs. 20
(e)-(h) correspond to the benchmark controller. Under the
benchmark controller, the formation prematurely stops moving
due to deadlock, maintaining a steady error from the target
formation. In contrast, all robots successfully converge to their
target positions using our method. The deadlock mechanism
can be analyzed from Figs. 20 (e)-(h). At approximately
4 s, Robot 1 approaches the obstacle and decelerates due to
collision avoidance constraints. By 7.5 s, Robot 1 reaches
the boundary of the collision avoidance CBF and becomes
deadlocked. During this period, other robots continue moving
unaffected by this local deadlock. It is not until around 12.5 s
that the connectivity CBF constraint between Robot 1 and
Robot 5 also approaches its boundary, ultimately causing
deadlock for the entire formation. Our method resolves this
issue by applying lateral velocity to Robot 1 at 7.5 s, as shown
in Fig. 20 (a). Consequently, Robot 1 swiftly moves away from
the obstacle after 7.5 s, while the connectivity CBF maintains
a safe margin throughout the process, as shown in Fig. 20 (d).

Fig. 21 illustrates the evolution of CLF shape parameters for
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Fig. 20. Experimental results of formation navigation with (a)-(d) and without (e)-(h) the CLF shaping module. (a) and (e) record the velocity inputs of each
robot. (b) and (f) show the position error of each robot relative to the target position. (c) and (g) record the minimum distance from each robot to the obstacle.
(d) and (h) display the CBF values for the connectivity constraints between robots.
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Fig. 21. Variation of CLF shape parameters with time.

each robot over time under the CLF shaping module. Initially,
each robot’s CLF shape is configured as a sphere with a scaling
factor of 1 and a rotation angle of O rad. Notably, at approxi-
mately 7.5 s, an aggressive deformation strategy is applied to
Robot 1, causing its scaling factor sy to approach zero. This
occurs because Robot 1 enters a weak deadlock state, as shown
in Fig. 19 (b), which requires lateral movement for resolution.
When the system transitions to the restricted deadlock-free
state, the virtual CBF constraint (43b) activates to adjust the
CLF shape, thereby maintaining a safe distance from potential
deadlock regions. Additionally, in the completely deadlock-
free state, the robots’ CLF parameters revert to user-predefined
values to preserve motion performance.

IX. CONCLUSION

In this article, we propose a deadlock-aware control frame-
work that allows robots to detect and avoid deadlocks while
adhering to multiple safety constraints. Deadlocks are detected
by analyzing undesired equilibria in robot dynamics, over-
coming the limitations of geometric interpretation in physical
space. A reactive deadlock avoidance method is designed to
help robots escape potential deadlock regions when inside and
maintain a safe distance using a virtual CBF constraint when

outside. Our method offers two advantages: first, it establishes
a general analytical framework that considers the entire contin-
uous state space, enabling unified handling of various deadlock
types; second, it achieves distributed implementation relying
solely on local controller information, making it adaptable to
both cooperative and non-cooperative environments.
Hardware experiments with robots performing parallel op-
eration and formation tasks demonstrate the effectiveness of
our method in avoiding deadlocks compared to benchmark
controllers. It is worth noting that local congestion still occurs
as our method is reactive and there is no global coordina-
tion. Moreover, infeasible scenarios may arise under arbitrary
tasks, environments, and robot configurations, as discussed in
Appendix A, which implies that global convergence cannot
be guaranteed. However, the proposed method guarantees that
all deadlocks can be detected, and nearly all weak deadlocks
can be avoided. Future work will explore integrating deadlock
awareness into long-horizon optimization to reduce global con-
gestion and enhance motion performance. Another valuable
direction is to incorporate acceleration limits and uncertainty
sensing into the CBF construction [59], [60], enabling the
proposed method to achieve reliable engineering applications.

APPENDIX
A. Discussion of Infeasible Cases

1) Degenerate Case: When Cone(V7H,) exactly equals a
half-space H(n.), whose normal n, aligns with the control
error z, the CLF-shaping module cannot generate a shape that
drives the robot out of weak deadlock. This degenerate case
is shown in Fig. 22(a). On one hand, the robot lies on the
threshold between a weak and strong deadlock, and a slight
perturbation of the deadlock boundary may push the system
into a strong deadlock. On the other hand, the robot reaches
the limit of the CLF-shaping module’s modulation capability.
However, if @ is perturbed slightly away from alignment with
n., the module can find shape parameters that enable escape
from the weak deadlock, as shown in Fig. 22(b).
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Fig. 22. (a) Degenerate case where the CLF-shaping module fails to resolve
the weak deadlock. (b) Near-degenerate case with feasible escape.
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Fig. 23. Two robots in a narrow passage. (a) Degenerate case. (b) Successful
case. (c) Livelock case. (d) Inherently infeasible case.

An example is shown in Fig. 23(a). Two disk-shaped robots,
each of radius 0.2 m, swap positions in a narrow passage
of width 0.4 m. Although the robots can detect the weak
deadlock, they ultimately fail to escape due to the degenerate
condition shown in Fig. 22(a) and eventually come into contact
with each other. When the targets are slightly offset from the
direction of the passage, the robots detect a weak deadlock
configuration, as shown in Fig. 22(b). By Lemma 1, the CLF-
shaping module can then generate shape parameters that break
this deadlock. The corresponding simulation in Fig. 23(b)
shows that the robots move relative to one another toward
the exit of the narrow passage and successfully reach their
respective targets.

2) Livelock Case: When the passage is widened but re-
mains too narrow for two robots to pass, and the lookahead
value is small, at most one CBF constraint is active for each
robot-wall pair at any given time. As shown in Fig. 23(c), the
robots exhibit livelock, characterized by repeated, patterned
motion between multiple deadlock points over time. Livelock
may occur in environments with static, non-cooperative ob-
stacles, but dynamic changes typically disrupt such repetitive
motion. Furthermore, it does not undermine our method’s
ability to resolve weak deadlocks and can be mitigated by
combining our reactive module with a higher-level planner.

3) Inherently Infeasible Case: As shown in Fig. 23(d),
the robots can never reach their targets, as any coordination
strategy ultimately leads to either deadlock or livelock. This
demonstrates that global convergence cannot be guaranteed.

B. Proof of Lemma 1
Since f = 0 and @ = 0 imply ¢; = 0, the CLF-shaping
module can modulate g into the half-space {g} | x7¢} > 0}.

Under weak deadlock and without losing generality, assume
z € Cone(VH,) C H(n.), which implies z7n. > 0. Since
ne }f « and every boundary satisfies nthd > 0, there exists
at least one Vhy- for which z7Vhg- > 0. By appropriately
choosing Dy, we can find a new stabilizing force ¢4 obtained
from (36) such that 27¢5 > 0. Thus, we can find a suitable
set of shape parameters to avoid weak deadlock. |

C. Proof of Lemma 2

We use the KKT conditions to calculate the control input
u*, following the symbols defined in theorem 1. Consequently,
we have:

w—ii+ MLV" =Y NLghl =0 (51a)
=1

pS— Ao =0 (51b)

X(LgVu+~(V)—=6)=0 (5lc)

AiLghiu=0,i€{1,2,---, M}. (51d)

Case 1: Consider the solution \; = 0,7 € {1,2,--- ,M}
and u* # 0. From stationary condition (51a), we have
@ = u* +pdg”T VV. Substituting this into conical combination
condition, we have > k;g" Vh; = p(y(V) = 8)g"VV —u*.
Left-multiplying «*7, we have > kiVhgu® = p(y(V) —
NHVVTgu* — uw*Tu*. The condition (51c) implies we have
Xo=0or LgVu+~(V)—6 = 0. Since the CLF constraint
requires VV T gu* < & — 4(V), clearly for both solutions,

we have . k:thJTgu* < 0. However, the CBF constraints

require Vh?]gu* > 0, and we have > y k; Vh,fgu* > 0, which
contradicts the previous conclusion. Therefore, this solution
does not hold.

Case 2: Consider the solution u* = 0. Solve the KKT
conditions (51b) and (51c), we have § = (V) and Xy =
py(V). Then the stationary condition (51a) becomes —a +
py(V)gTVV — > XjgTVh; = 0. Observe that the conical
combination condition offers solutions that \; = k;. Hence,
u* = 0 is the only solution. So far, we prove that the robot is
in a deadlock state. |
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