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Generating and Optimizing Topologically Distinct Guesses for

Mobile Manipulator Path Planning with Path Constraints

Rufus Cheuk Yin Wong, Mayank Sewlia,

Abstract—Optimal path planning is prone to convergence to
local, rather than global, optima. This is often the case for mobile
manipulators due to nonconvexities induced by obstacles, robot
kinematics and constraints. This paper focuses on planning under
end effector path constraints and attempts to circumvent the issue
of converging to a local optimum. We propose a pipeline that
first discovers multiple homotopically distinct paths, and then
optimizes them to obtain multiple distinct local optima. The best
out of these distinct local optima is likely to be close to the global
optimum. We demonstrate the effectiveness of our pipeline in the
optimal path planning of mobile manipulators in the presence of
path and obstacle constraints.

Index Terms—Mobile Manipulation, Motion and Path Plan-
ning, Constrained Motion Planning, Optimization and Optimal
Control

I. INTRODUCTION

PTIMAL path planning for mobile manipulators is com-

monly done by formulating and solving a nonlinear
program (NLP) using gradient-based optimization approaches.
One major challenge with this approach is that often the con-
straints introduced to the planning problem, such as obstacle
avoidance, end effector path constraints, cause the NLP to
be highly nonconvex. This causes gradient based optimization
approaches to only solve them to local optimality. While
solving nonconvex NLPs to global optimality in general is NP-
hard, one potential mitigation is to generate multiple distinct
local optima and choose the best among them. This increases
the likelihood of actually finding the global optimum. In the
sequel, we denote the optimum among multiple distinct local
optima a multi-local optimum.

The challenge of obtaining a multi-locally optimal path is
computing multiple distinct local optima since most research
has only been conducted on finding a single local optimum [1],
[2]. Using the observation that the local optimum returned by
gradient-based optimization approaches usually stays within
the same homotopy class as the provided initial guess [3], we
propose a pipeline that first discovers homotopically distinct
paths and then uses them as initial guesses for an NLP.
This allows for generating multiple distinct local optima, and
subsequently finding the multi-local optimum.
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Figure 1: Mobile manipulator executing three homotopically
distinct locally optimal paths given a desired end effector path.
Blue shows the desired end effector path, green and red shows
the computed elbow and base paths respectively.

We apply our pipeline to the path planning of mobile
manipulators consisting of a 6-revolute (6R) elbow manipu-
lator attached to a nonholonomic differential drive base. We
further require that the end effector follows a predetermined
path. Such end-effector path constraints arise naturally in
applications such as painting, welding or wiping a table.

The contribution of this paper is the development of a
path planning pipeline for mobile manipulators under end
effector path constraints and produces a multi-locally optimal
solution. To this end, we propose a method for generating
a low dimensional configuration graph to be used with the
Neighborhood Augmented Graph Search (NAGS) algorithm
[4]. Additionally, we propose several modifications to the
NAGS algorithm that enhances its accuracy. Furthermore, an
NLP is formulated to produce distinct locally optimal paths
from the guesses provided by the modified NAGS algorithm.
Finally, the effectiveness of the pipeline is demonstrated with
simulation results along with a comparison study with existing
methodologies.

The remainder is organized as follows. In Section II, related
work is reviewed, and in Section III, the problem under con-
sideration is stated. Section IV presents the proposed planning
pipeline in detail, and Section V presents some experimental
results demonstrating the efficacy of our pipeline. Section VI
offers a conclusion with some discussion.

II. RELATED WORK
A. Constrained Motion Planning

Motion planning in high dimensional space such as mobile
manipulators under end effector constraints has been well
studied. Many current methods build upon the rapidly ex-
ploring random tree (RRT) [5] and encode the constraints
geometrically during tree construction [6]-[9]. These have
been generalized and incorporated into the Implicit Manifold
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Figure 2: (a) Given the grey obstacle, p; and ps belong to
the same H-class (homotopically equivalent) while po, p3, P4
each belong to a different H-class (homotopically distinct).
(b) Ilustration of a 2D cross section (y axis omitted) of the
configuration graph.

Configuration Space (IMACS) framework [10], decoupling
the planning algorithm from the constraint adherence. These
sampling approaches can often be postprocessed to produce
a locally optimal path. However, the randomized nature of
RRT-based algorithms implies that there is relatively little
control over the characteristics of the paths returned, e.g. the
topological properties.

B. Optimal Path Planning

Trajectory optimization is a commonly used technique in
optimal path planning. This involves formulating the path-
finding problem as a mathematical program with costs and
constraints, which is then solved with an optimizer. This
field is well studied with many successful algorithms such
as CHOMP [1] and TrajOpt [2]. Both of these approaches
use a direct transcription based technique [11], which involves
discretizing the trajectory into a fixed number of discrete
samples. These approaches generally scale well with the
number of decision variables and constraints. However, the
presence of nonconvex constraints and cost functions leads
to results that are locally, not globally optimal, and heavily
dependent on the initial guess provided.

C. Topological Path Planning

Topological path planning focuses on finding and quanti-
fying paths based on their topological features. Often, the
feature of interest is a path’s homotopy class (#-class) within
a robot’s configuration space. Paths of different 7{-class cannot
be smoothly deformed into each other without colliding with
obstacles (Fig. 2a). Many probabilistic methods for finding
homotopically distinct paths have been proposed [12]-[14].
However, they generally scale poorly to high dimensions.

As such, using a lower dimensional or simpler topological
path planning setup for coarse global planning followed by
optimal path planning approaches for local refinement is a
common approach to combine the best of both worlds. This
pipeline is effective in generating optimal trajectories for mo-
bile ground robots [15], [16], quadrotors [17] and manipulators
[18], [19].

For applying this topological and optimal path planning
pipeline to mobile manipulators, a major problem is the deter-
mination of the H-class, which is very challenging for high-
dimensional configuration spaces [4]. A novel Neighborhood

Augmented Graph Search (NAGS) algorithm [4] has recently
been proposed that allows finding topologically distinct paths
in higher dimensions. In our work, we leverage a modified
version of NAGS to identify homotopically distinct paths and
use optimal path planning for the local refinement.

IITI. PROBLEM FORMULATION

The path planning problem concerns a 6-degree-of-freedom
(DoF) fully actuated elbow manipulator attached to a non-
holonomic differential drive mobile base. The manipulator
is assumed to have a 3DoF spherical wrist that handle any
end effector orientation constraints. This is the case for most
mobile manipulators available today. As such, we refer to the
wrist as the end effector and only consider its position.

The base is characterized by its position z, = [x,y]? € R?
and orientation # € S'. The base motion is governed by

. {cos 0
Ty =

sin 6

}ul, 0 = uy (1)

where u1,us € R are control inputs.

As opposed to the more common approach of describing
the arm in joint angle coordinates, we instead choose to
express the arm in maximal coordinates [11]. In maximal
coordinates, links are described by their position in space.
This allows for a more natural incorporation of the end
effector constraint that we will exploit in Section IV-A. Define
xp1 = [25,0]T = [2,9,0]T. Given the base position x;, the
arm can be characterized by its elbow position x,, € R3
and end effector position x, € R3, both in world cartesian
coordinates. Let [; be the upperarm length and [y be the
forearm length. The elbow and end effector positions are
subject to the following kinematic constraints:

wa - xbL”Q = ll
2w — ell2 = 12 )
Ha,beR:xw—xbl:a(me—xbl)—&—[O 0 b}T

The last constraint states that base, elbow and end effector
positions projected to the xy-plane are collinear. This reflects
the fact that the upperarm and elbow cannot roll. The dynamics
of the arm is given by

Ty = U3, Lo = U4 3)

where u3, u, € R? are control inputs, subject to the constraints
in Eq. (2). The robot configuration ¢ is then fully defined by

a=[2 6 o oT]"

subject to the aforementioned constraints. Note that this ap-
proach of using maximal coordinates to encode end effector
constraints is not specific to the 6-DoF elbow manipulator and
can be applied to arms with different kinematics by adjusting
Eq. (2) and (3), correspondingly [20].

Obstacles are assumed to be defined via an obstacle function
obs(g) which returns True if and only if the given robot
configuration g is colliding with an obstacle.

A desired end effector path is given in the form of a function
x.(k) with k € [0, 1] being the normalized path parameter. The
planning problem, then is to find a feasible path, satisfying the
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Figure 3: The planning pipeline

Algorithm 1 Pipeline for finding multi-locally optimal paths

Input:
Te: [0,1] — R3: Desired end effector path
n: Number of distinct local optima to evaluate
dt: Optimization timestep interval
T': Number of optimization timesteps
Output: Q* = {q(to),q(t1), ---,q(tr)}, to =0, t7 =1
1: function FINDPATH(z.,n,dt,T)
2: G = (V, E) := ConfigurationGraphGeneration(z)
(Tb1, Twi, t1)

(Tb2, Tw2, t2) '
3: ) := modifiedNAGS (G, n)

(xbna Lawmn s tn)
forallie1l...n do > can be run in parallel

(cost;, QF) := TrajOpt(zp;, Tawi, ti, dt, T)
i* 1= arg min;(cost;)
return Q7.

N R

kinematic and end effector path constraints, and which does
not collide with obstacles, minimizing

1
/0 () l2dt 4

IV. METHODOLOGY

The proposed planning pipeline consists of four main steps,

illustrated in Fig. 3 and Algorithm 1.

(A) First (line 2), we generate the collision-free configuration
space graph (CG) representing the valid robot configura-
tions and transitions.

(B) Then (line 3), we apply a modified NAGS algorithm,
adapted from [4], which takes as input the CG and finds
a pre-specified number of homotopically distinct paths
within the graph.

(C) Next (line 4-5), the homotopically distinct paths are used
as initial guesses and the trajectory optimization problem
is solved for each guess.

(D) Finally (line 6-7), we compare the optimized paths from
the different initial guesses and choose the best path.

A. Configuration Graph Generation

The goal of this step is to transform the constrained high-
dimensional continuous space of collision-free robot configu-
rations into an unconstrained low-dimensional discrete graph
for the subsequent NAGS algorithm. The base heading and

nonholonomic constraints are ignored at this stage. The dimen-
sionality reduction is achieved by a change of coordinates from
[T, Tw, Te]T € R2 x R? x R3 to [y, k,w]T € R? x [0,1] x
{0, 1} by noticing that z. is fully defined by the path parameter
k and that given x;, and z., there only exists two feasible
elbow positions: elbow up and elbow down, represented by
w = 1 and w = 0 respectively, with w € {0,1}. This is
a direct results from Eq. (2). This parametrization reduces
the configuration space dimensionality allowing for a simpler
configuration graph and thus better runtime performance. In
the remainder of this section, we abuse notation and use
[z, y, k,w]T and [y, 24, z.]T interchangeably with the under-
standing that the former can always be mapped to the latter
via standard IK procedures [21].

The configuration graph (CG) is given by G = (V, E) where
V' is the set of vertices and F is the set of undirected edges.
Beginning with V, vertices are defined via a discretization of
the configuration space (x,y,t,w) € R? x [0,1] x {0,1} by
predefined discretization intervals Az, Ay, At. We define the
discretized bounded configuration space as

C := {Zmin, Tmin + AT, ..., Tmax }
X {Ymins Ymin + AY, . - ., Ymax ;
x {t:0,At,..., 1} x {0,1}

obstacles. Furthermore, given the upperarm link length /; and
forearm link length [5, the distance between the base and end
effector cannot be greater than the full arm length (I; + o),
thus we define

C(kinematic = {(x,y,t,w) : ||[x7y’0]T - Z‘e(t)Hg < ll + l2}

The set of vertices is then given by V = Cfee N Ckinematic-

The vertices within an elbow configuration w are connected
by collision-free edges in a grid-like fashion with diagonals for
coordinates x,y,t. Transitions between elbow configurations
w can only occur at the joint singularity, when ||[z,y,0]7 —
Ze(t)||2 = 11 + l3. A simplified example is illustrated in Fig.
2b. The edge cost is defined as the Euclidean distance between
vertices in the (x,y,t) coordinates.

The construction of a configuration graph for general mobile
manipulators follows similarly by solving for each joint’s
possible cartesian positions given x; and x., according to their
kinematic constraints in Eq. (2).

Define Cee C C to be the configurations not in collision with

B. Modified Neighborhood Augmented Graph Search

The next step is to generate topologically distinct guesses.
Our approach is based on a modified version of the NAGS
algorithm [4, Algorithm 1]. The original algorithm along with
our modifications colored in blue, and magenta, is
presented in Algorithm 2.

The main idea behind the original NAGS algorithm is to
include approximations of the path tangents to vertices in
Dijkstra’s Algorithm [22]. This is done by using a vertex’s path
neighborhood set (PNS) [4, Algorithm 3], which is computed
by running a reverse A* search [23] on the graph for a fixed
search depth r from the current vertex back to the starting
vertex. Since homotopically distinct paths terminating at the
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Algorithm 2 Modified NAGS Algorithm

Input:
qs € V: Start configuration
gg € V: Goal configuration
Ng: Neighbor/successor function for graph G
Ca:V xV — R*: Cost function
Nreq: Required number of homotopically distinct paths
@computePS: V x (Vy, En): parent set computation
QOutput: G : Graph with costs and parent set for every vertex
1: function SEARCHNAG(gs, q4. N, Ca, Mieq)
2: Vn :={vs}, En:=0

3 v = (¢s,{gs}), g(vs) =0
4: Q:={vs}, v:=uw;
5: n:=0
6: while Q # 0 An < ngeq do
7: v:=(q,U) = argmin, cq g(v')
8: Q=0Q—v
11: L= ; -
12: U’ = computePS(v, (Vn, En))
13: ! AN
, . Jw € Ng(v)
14: for all ¢ € Ng(v) : w=({.U")
> handle equivalent vertices first
15: v = (¢, U")
16: 9 =9)+Calq:q)
17: w=1
18: ENZENU{(U,w)}
19: if ¢ < g(w)ANw € Q then
20: gw) =g’
21: w.came_from = v
22 wU=U'
23: for all remaining ¢’ € Ng(v) do
24: v = (¢, U") > guaranteed new vertices
27: glv')=¢
28: v’.came_from = v
29: Q=QU{v}
30: if¢ =q,thenn=n+1
31: return Gy = (Vy, En)

same vertex should have distinct path tangents, vertices are
considered distinct if their PNS do not intersect. Note the
distinction between CG vertex (vertices in the CG) and NAG
vertex (vertices that are incrementally added to the NAG dur-
ing the Dijkstra search). Each NAG vertex corresponds to one
CG vertex; however, multiple NAG vertices may correspond
to the same CG vertex. Two NAG vertices v; and vy are said
to be coincident if they correspond to the same CG vertex.
The equivalence (=) of two coincident NAG vertices v1, vg
are thus defined as follows [4, Definition 4]

V] = vy <= v1.Cg =v3.CgAv;.pns Nuvy.pns # ()

where v. cg and v . pns retrieves NAG vertex v’s correspond-
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Figure 4: Top row: (a) shows a simple CG with the green start
vertex and yellow goal vertex. The edge weight corresponds
to the length depicted. Note that this CG only has one homo-
topically unique path from start to goal. (b)-(f) corresponds to
the successive iterations as the NAG grows using r = 1. The
subscript indicates the PNS of the NAG vertex. Notice in (f)
that since NAG vertex D¢ and D 4 have disjoint PNS, NAGS
incorrectly identifies them as homotopically distinct. Bottom
row: (g) shows a simple CG with an obstacle in the middle.
Notice that there are two homotopically distinct paths from
the start to goal. (h)-(1) corresponds successive iterations with
r = 2. Notice in (1) that the NAG vertices D4 and D¢ 4
have overlapping PNS, thus NAGS incorrectly identifies them
as homotopically equivalent.

(a) (b) (©

()
Figure 5: Successive iterations of the NAG. Notice that obsta-
cles cause the yellow wavefront to split and then merge.

ing CG vertex and PNS, respectively. We improve upon the
original NAGS algorithm to address several shortcomings:

1) Tiny obstacles: The original NAGS algorithm suffers
from the inability to distinguish homotopically distinct paths
around tiny obstacles regardless of the value of r chosen. This
is exemplified in Fig. 4. Notice that regardless of the value of
r, the original NAGS algorithm is not able to correctly identify
the homotopically distinct paths in the top and bottom cases
simultaneously. This stems from the fact that the continuous
path tangent is poorly represented in a discrete graph structure.
As such, the overlap in the path tangent, approximated by the
overlap of the PNS, is easily over- or underestimated, causing
the incorrect identification of homotopically distinct paths.

Instead of a static approximation of the path tangent, we
improve performance by using a dynamic local description of
the wavefront of the open set instead (Fig. 5). The following
observation can be made upon careful inspection of the
wavefront as it visits a vertex. Given the current state of the
NAG Gy = (V, EN), define the parent set P(v) of NAG
vertex v as

P(v):={v": I(v,v') € Ex}

We observe that in the absence of obstacles, the parent set (PS)
of a vertex starts on the shortest path and grows to adjacent
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Figure 6: Top row: (a) shows a CG with the blue start vertex.
(b)-(d) shows the successive iterations of the NAG. Yellow
vertices are those in the open set (wavefront) while green
vertices have already been visited. Consider the NAG vertex
circled in red. The red edge connects the circled vertex to its
parents. Bottom row: (e) shows a CG with an obstacle. (f)-(h)
shows successive iterations of the NAG.

vertices. In the presence of obstacles, this rule is broken. The
PS no longer grows to adjacent vertices. This is demonstrated
in Fig. 6. In effect, the PS acts as a local description of the
wavefront.

This motivates the use of the PS to detect whether two paths
are homotopically distinct or not. Two PS Py, P, are said to
be adjacent if the following holds:

adjEN(Pl,Pg) <~ du; € P1,v9 € Py : (’U17’U2) € En

We then redefine the equivalence relation (=) as follows:
Definition 4.1 (Equivalence between NAG vertices): For co-
incident NAG vertices v and ve and NAG Gy = (Vy, En),

V] = vy <= v1.cg=vs.cgAadjg (P(v1),P(va))

where v . cg retrieves the corresponding CG vertex of v.

To illustrate the effect of using PS, consider the examples
in Fig. 4f again. Using PS, P(D¢) = {Ca},P(Da) =
{A}. Since C4 is adjacent A, Do = D, and they are
considered homotopically identical. For Fig. 41, P(D¢c4) =
{C4a},P(Dpa) ={Ba}. Since C4 and B4 are not adjacent,
the two NAG vertices will be considered distinct, correctly
identifying the two homotopically distinct paths.

2) Non-uniform discretization: In the original NAGS al-
gorithm, 7 must be fine tuned to account for potentially large
differences in edge weights. The PS modification mentioned in
Section IV-B1 itself does not alleviate this issue. One example
is illustrated in Fig. 7. This is due to the fact that the original
NAGS algorithm adds a vertex to the NAG based on the parent
of that vertex. We thus apply the changes in line 9-10 and line
25-26 of Algorithm 2. These modifications ensure that vertices
are added to the NAG in the order of the cost to the vertex
itself, rather than the parent. The effect of these modifications
is that F'y will be added to the NAG before F'z. Since Fz and
Fy are equivalent, the edge (Eg, Fiy) is inserted, causing the
PS of Fy to expand to Eq. Then, P(Fy) = {Hg, Ec} will
be adjacent to P(Fp) = {Bp} and thus Fp = Fy.

3) Ambiguous visiting order: Similar to the above, the
order in which vertices are visited impacts both PS and
PNS calculation. This is illustrated in Fig. 8. To tackle the
nondeterministic visiting order of paths of the same length,

paper.
0050 QPO
0 O=ONO :4: (o) OF——=
(a) CG (b) Start (c) Visit G (d) Visit D
® ® Bs® B
L —® ® G =6 ® DD
() Visit H (f) Visit A (¢) Visit B

Figure 7: (a) Non-uniformly discretized CG with GH <
GD + DB < GE. Note that there is only 1 homotopically
unique path between G and F. (b)-(g) Progression of the
NAGS algorithm using PS. Subscript indicates the parent
of the vertex. In (g), P(Fg) = {Bp}, P(Fu) = {Hg}.
Since P(Fp) is not adjacent to P(Fy), we have Fg £ Fy.
Hence the algorithm incorrectly determines that there are two
homotopically distinct paths from G to F.

A AN ® o
GE—P IO
" B ('é[;.‘.
(a) CG (b) Start (c) Visit A (d) Visit B (e) Visit D

Figure 8: (a) CG with uniform edge lengths. Note that there
is only 1 homotopically unique path between A and C. (b)-
(e) Progression of the NAGS algorithm using PS. Subscript
indicates the parent of the vertex. Dotted vertices represent
vertices in the heap. Notice that the order for visiting Bp,
Dpg, Cp, Cp is undefined as they all have the same path
cost. Furthermore, whether or not Cz = Cp depends on the
order in which the four vertices are visited. If C's and C'p are
visited before Bp or Dpg, then Cg # Cp.

we prioritize processing equivalent vertices first (line 13-14)
before processing nonequivalent vertices (line 23). This pre-
vents equivalent vertices being incorrectly considered distinct
due to visiting order.

4) Sufficient Condition Sketch: We provide a more gen-
eral sufficient condition for detecting homotopically distinct
paths, only requiring obstacles that cause the removal of
edges/vertices in the CG.

Proposition 1: Two locally shortest (geodesic) paths, p; and

p2, from the CG vertex v, to v, that encloses an obstacle will
generate distinct NAG vertices.
Proof Sketch: Note that each obstacle causes the removal of
edges/vertices in the configuration graph, creating a chordless
cycle Ry. A chordless cycle is a cycle of length at least four
in which no two vertices are joined by an edge outside of the
cycle itself. Define Ry, to be the set of vertices adjacent to but
not contained in Ry_.

Let {ni,...,n;} be the NAG vertices of p; and
{mi,...,mp} be the NAG vertices of ps. Suppose path
lengths I(p2) > l(p1). Note that n; and m; both correspond
to the same CG vertex vs and ny = m; while n; and m;, both
correspond to vg, but it is yet to be determined whether they
are equivalent or not.

The inductive proof proceeds as follows:
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1) Base condition: Consider vy, € Rg. In order for p;
and p- to enclose Ry and be geodesics, we must have
nj_1,mp—1 € Ry. Since Ry is a chordless cycle, there
is no edge between n;_q and mp_1. P(n;) = {n;_1} is
not adjacent P(my) = {mn_1}. Hence n; # my,.

2) Inductive step: Assume the proposition is true Vv; €
Ri_1. We wish to show it to be true for v, € Rj.
Suppose the contrary, that for some v, € Ry, n; = my,.
This requires that P(myp) = {mp_1} be adjacent to
P(n;) ={n;—1}. We consider two cases for ms_;

a) mp—1 € Rp U Ri41: This cannot be the case if pq,
po enclose the obstacle, {(p2) > I(p1) and they are
locally shortest paths. This can be seen since there
must exist some point m, € p2 N Ry and the subpath
(mg, ..., mp—1) is locally shortest.

b) mp_1 € Rir_1: Then there exist some v; =mp_1 €
Ry._1 such that pj and p} are equivalent, contradicting
the induction hypothesis.

Hence the proposition must be true for vy € Ry.

Thus we show the proposition to be true for pairs of locally
shortest paths. (]

The generalization to all possible pairs of paths from vy to

vy follows based on two facts: 1) If two NAG vertices n;_1,
mp—1 are adjacent, then a path via n;_; to mp_; must have
been deemed homotopically equivalent to a path via mp_o to
myp_1 in earlier iterations. 2) Dijkstra’s algorithm always finds
shorter paths first. Thus, homotopic equivalence is determined
by the locally shortest path.

C. Trajectory Optimization

The goal of this step is to use the results from the previous
section to refine the path, considering all constraints of the
original planning problem. In addition to including the base
heading and the nonholonomic constraints, a finer time dis-
cretization is used to ensure that constraints are satisfied more
precisely.

The trajectory optimization problem is given as

T
ool I;}il[f}c] ol ZHMWH% + [luz[k]113 + || Az [K][|3
wr[K,us[k],Azo[k] *=0

(52)

5.%. (k] = zp[k]ll2 = &, (5b)

[zw[k] — ze[k]ll2 = L2, (5¢)
0

2o [k] — 2o (k] = a(xe[k] — xp[k]) + (O],
b

(5d)

oyl + 1) = @ [k] + Ej’jz} wi[k]dt, (Se)

Ok + 1] = O[k] + ua|k]dt, (5)

Tk + 1] = zy[k] + Axy [k]dt, (52)

obs(zp[k], T [K], 2 [k]) = False (5h)

The objective (5a) is to minimize the discretized cost in
Eq. (4). This is subject to (5b)-(5d) which enforce the kine-
matic constraints in Eq. (2), and (5e)-(5g) which enforce the

dynamic constraints in Eq. (1) and (3). Finally, (5h) enforces
collision avoidance at each timestep.

D. Evaluate Local Optima

The final step is to compare and select the least cost path
among the locally optimal paths from the previous step. For-
mally, given the locally optimal trajectories (7 and associated
cost; for i € {1,...,n}, index ¢* of the trajectory with the
least cost is given by

1* := argmin(cost;)
The multi-locally optimal path is then Q7. which is the optimal
path among the local optima {Q7%,...,Qx}.

V. RESULTS

In this Section, we compare our method for generating topo-
logically distinct initial guesses against sampling-based ap-
proaches and simple interpolation. For all planning problems,
we generate the CG by discretizing the end effector path at
0.05m intervals. Base positions are discretized at a resolution
of 0.1m. Edges in the CG are further subsampled at 0.01m
for collision checking. The results of both modified NAGS
and sampling-based methods are all used as initial guesses for
the NLP specified in Section IV-C. The optimization problem
is formulated in Drake [24] and solved with SNOPT [25] using
discretization 7' = 200 and timestep dt = 0.2. All final costs
represent optimized costs in Eq. (5a) after using the initial
guess to solve the NLP. Runtime only includes the time taken
to generate the the initial guesses and does not include the time
for solving the NLP . The code for the implementation and
comparison, as well as interactive recordings of the results
can be found at https://github.com/rcywongaa/topologically_
distinct_guesses. We investigate three planning scenarios.

A. Two Sphere Obstacles with Straight Line Path Constraint

Planning Problem 1 involves finding the optimal path for
a simple two-link mobile manipulator in the presence of two
spherical obstacles, subject to an end effector constraint in the
form of a straight line.

Our algorithm is compared against two constrained
sampling-based approaches: the IMACS-RRTConnect [26] al-
gorithm (emulates CBIRRT?2 [7], TB-RRT [8], AtlasRRT [9])
and the IMACS-KPIECE [27] algorithm which shows superior
results in high dimensional constrained configuration space
[10]. The path tolerance was set to 0.05m.

The sampling-based planners are compared in singleshot
mode (1), where only one path is generated and evaluated, and
multishot mode (n), where the planner keeps generating paths
until at least one path belonging to each of the n homotopic
classes is generated. Both modes are subject to a 5 minute
timeout. The sampling-based approaches were set up using
OMPL [28] and Movelt2 [29] [30]. Additionally, a simple
IK-based interpolation method is also compared.

The results are summarized in Table I, averaged over 10
trials. It can be seen that our algorithm can generate topolog-
ically distinct initial guesses more quickly as indicated by the
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Method Planning Problem 1 (n=4) Planning Problem 2 (n=3)
Runtime(s) | NLP success rate Final cost Runtime(s) | NLP success rate | Final cost

CG+Modified NAGS (n) | 1.02+0.49 1.0/1.0/10/1.0 | 233/6.02/6.09 /6.05 0.90+2.35 1.0/1.0/ 1.0 2.32 /298 /299
IMACS-KPIECE (1) 1.79 0.3 14.37 timeout * *
IMACS-KPIECE (n) 29.9 06/02/02/0.1 | 10.57/5.75/25.64/10.03 | timeout w k[ E w k) E
IMACS-RRTConnect (1) | 37.3 0.3 4.62 timeout * *
IMACS-RRTConnect (n) | timeout B R K B R K timeout kK E *LE)F

Simple Interpolation (1) 0.01 0.0 * 0.01 0 *

Table I: Comparison between different initialization methods for the NLP. * indicates failure of current or prior steps. (1)
indicates singleshot mode. (n) indicates multishot mode, where n is the number of H-classes required. The values separated
by “/” are data corresponding to paths of each H-class. The bold text indicates the multi-locally optimal path

lower runtime, as well as produce guesses of higher quality,
as indicated by the higher NLP success rate and lower final
cost. Examples from modified NAGS and IMACS-KPIECE
are shown in Fig. 10 and Fig. 11 respectively.

Note that the nonholonomic constraints of the mobile ma-
nipulator are only enforced in the NLP, further introducing
more local optima to the optimization landscape. This high-
lights the importance of providing high-quality guesses to
the optimizer and explains the apparent differences in final
cost of trajectories belonging to the same 7-classes. Since
the NAGS algorithm produces shortest paths within the #-
class, it naturally constitutes an initial guess that is closer
to the global optimum, even with the added nonholonomic
constraints. Additionally worth pointing out, the single-shot
performance of IMACS-KPIECE is comparable to that of
our CG+Modified NAGS pipeline, while its multi-shot perfor-
mance is significantly worse. This indicates that the slowdown
stems from the absence of homotopy awareness in IMACS-
KPIECE. Since the discovery of homotopically distinct paths
is inherently probabilistic, this largely explains the increased
planning time.

B. Simulated Bar Table Cleaning

Planning Problem 2 involves a more realistic table cleaning
scenario in which a mobile manipulator in the form of a
Kinova Gen3 robot arm attached to a Turtlebot 4 is tasked
with cleaning a counter table with a sine wave motion while
avoiding collisions. The sampling-based planners are set up
and evaluated in the same fashion as in Section V-A and
the results are summarized in Table I, also averaged over
10 trials. The final results are shown in Fig. 1. Particularly,
note that the highly nonconvex table and chair means that
conventional approaches of projecting obstacles to the ground
plane and splitting base and arm motion planning would yield
poor results since naive projection would either severely over-
estimate or underestimate the size of the obstacles. Indeed, if
we project the table and chair to the ground plane and consider
the mobile base inflation radius, the path where the base moves
between the table and the chair would not be feasible. This
planning problem also highlights the limitation of sampling
based planners which struggle with narrow passages generated
by the large obstacle and end effector constraints [10].

C. Randomized Tests

This test studies the effect of the number and size of the ob-
stacles on the performance of our modified NAGS algorithm.

= # NAGS Paths = # IMACS-KPIECE Paths
12
10

= #NAGS Paths = # IMACS-KPIECE Paths
15

0.10 0.15 3 4
Obstacle radius (m) # Obstacles

(@ (b)
Figure 9: Effect of varying number of obstacles and obstacle
radius on number of paths found in 10s. Note that paths found
by IMACS-KPIECE may not be homotopically distinct. (a)
uses 4 obstacles. (b) uses obstacles of radii 0.15m.

The setup is similar to Planning Problem 1 with a varying
number and radii of spherical obstacles. In this experiment, we
focus on comparing against IMACS-KPIECE since it has been
shown to be superior in performance in Planning Problem 1.
Since it is difficult to predetermine the number of H-classes
in a randomized setting, we instead impose a 10s time limit
for both modified NAGS and IMACS-KPIECE to generate as
many paths as possible (homotopically distinct or not). The
experiment is conducted with randomized obstacle positions
averaged over 50 trials per setting. The results are shown
in Fig. 9. It can be seen that modified NAGS outperforms
IMACS-KPIECE in situations with a small number of large
obstacles. Large obstacles are favorable since they lead to
fewer vertices in the CG, and thus to a faster search. For
a high number of obstacles, the number of homotopically
distinct paths of a certain length grows rapidly. This causes
the open set to grow quickly, which impacts the performance.
Furthermore, since each obstacle creates infinitely many ho-
motopically distinct paths corresponding to increasing winding
numbers, there is no upper bound to the size of the open set.

Using 4 obstacles of radius of 0.15, we repeat the ex-
periment with the trajectory optimization step included. We
additionally randomize the initial and goal headings. The re-
spective multi-locally optimal paths are then compared. Across
50 trials, modified NAGS and IMACS-KPIECE produced at
least one admissible initial guesses for 88% and 60% of the
trials, respectively, where an initial guess is admissible if it
allows the NLP to be solved. On average, the multi-locally
optimal paths generated by the NAGS algorithm were 30.6%
shorter than those generated by IMACS-KPIECE. Further-
more, 34% of the multi-locally optimal paths from modified
NAGS were not from the first (shortest) path returned. Since
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Y

(a) H-class 1 (b) H-class 2 (c) H-class 3 (d) H-class 4
Figure 10: Results of NAGS belonging to different H-classes
for Planning Problem 1

(a) H-class 1
Figure 11: Results of IMACS-KPIECE belonging to different
‘H-classes for Planning Problem 1

(b) H-class 2 (c) H-class 3 (d) H-class 4

the first path returned by modified NAGS is equivalent to the
result of running standard Dijkstra’s Algorithm [22], this also
shows that modified NAGS produced better initial guesses than
standard Dijkstra in those cases.

VI. CONCLUSION & DISCUSSIONS

This paper presents a pipeline for mobile manipulator path
planning under end effector path constraints that achieve multi-
local optimality. Several modifications were proposed to the
core NAGS algorithm enabling it to reliably distinguish homo-
topically distinct paths. Our algorithm performs particularly
well in scenarios where kinematic structure and constraints
reduce the dimensionality of the problem, and where a small
number of large obstacles lead to a more compact configura-
tion graph. In such cases, the algorithm’s ability to handle large
obstacles becomes especially beneficial, as these environments
often introduce challenging local optima that our approach is
well-equipped to address. This can be seen as a complement
to sampling-based approaches, which generally work well in
the absence of constraints and with smaller, more numerous
obstacles. Future work may investigate ways to alleviate the
curse of dimensionality when applying our algorithm to mobile
manipulators with many DoFs.
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