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Abstract— SP-based synthesis yields two-time-scale control that
allows compliant-joint robots to achieve high-quality tracking at
low implementation cost. Composite learning enables exact online
identification and control of robots without the stringent condition
known as persistent excitation (PE). However, to achieve exact
online identification for compliant-joint robots, parameter update
derived from SP-based synthesis and composite learning requires
physically unavailable states. This paper presents a novel SP-
based composite learning robot control (SP-CLRC) strategy for
compliant-joint robots that achieves exact online identification
and control without requiring access to physically unavailable
states. In the proposed method, link-side and actuator-side param-
eters are estimated separately, enabling exact online identification
using available robot states. A two-time-scale composite learning
method is proposed to guarantee practical exponential stability of
the closed-loop system with parameter convergence under interval
excitation, a condition strictly weaker than PE. Experiments on
a two-degree-of-freedom robot driven by series elastic actuators
have shown that the proposed SP-CLRC significantly outperforms
the baseline in online identification and tracking accuracy.

I. INTRODUCTION

Compliant-joint robots employ elastic elements, such as se-
ries elastic actuators (SEAs), to decouple actuator inertia from
link inertia [1]. Compared with traditional rigid-joint robots,
compliant-joint robots exhibit several attractive features, such
as natural motion, intrinsic compliance, and backdrivability [2].
Meanwhile, elastic elements may induce oscillations, increase
settling times, or even destroy closed-loop stability during
robot control [3]. Compliant-joint robots with constant joint
stiffness can be expressed by a flexible-joint robot (FJR) model,
thereby allowing joint compliance to be respected during the
control design. Typical control approaches of FJRs include
backstepping-type control [4]-[7], disturbance observer-based
control [8]-[10], and passivity-based control [11]-[14], where
physical experiments are provided in all these results. However,
most of these results rely on exact model information or require
estimating robot accelerations and jerks, which is difficult and
usually sensitive to measurement noise.

Singular perturbation (SP)-based control reformulates the
full-order FJIR model into a two-time-scale form, consisting of
slow and fast subsystems, from which reduced and boundary-
layer systems are derived, respectively [15]. SP-based synthesis
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facilitates the design of FJR control laws without involving
the higher-order time derivatives, such as robot accelerations
and jerks. Moreover, compared with alternative FJR control
approaches, SP-based control has the lowest implementation
cost because its controller complexity is equivalent to that of its
rigid-robot counterpart [16]. From the SP principle, the (practi-
cal exponential) stability of the full-order system requires both
reduced and boundary-layer systems being exponentially stable
[15]. Achieving the exponential stability of the boundary-layer
system is relatively simple, and proportional-derivative (PD)
control is usually sufficient, whereas most control methods for
the reduced system rely on accurate robot models to ensure
exponential stabilization [17]-[20].

Composite learning robot control (CLRC) is an innovative
adaptive control framework that exploits memory regressor ex-
tension to boost parameter estimation [21]. Compared with the
classical adaptive robot control, CLRC can achieve exponential
stability with parameter convergence under interval excitation
(IE), a condition strictly weaker than persistent excitation (PE)
[22]. CLRC has been combined with SP-based synthesis for
compliant-joint robots with high degrees of freedom (DoFs) to
achieve high-quality tracking under model uncertainties [23],
[24], where an identifiable parameter vector that couples link-
side and actuator-side parameters is estimated online using a
regression equation of the reduced system. Nevertheless, the
methods in [23], [24] require physically inaccessible states
of the reduced system for exact online identification, and
directly replacing these states with available robot states may
degrade identification accuracy because these two states are
fundamentally different [23]. This problem arises in all SP-
based FJR adaptive control methods, including [25].

Motivated by the above investigation, this article proposes a
novel SP-based CLRC (SP-CLRC) for compliant-joint robots
to achieve exact online identification and control without re-
quiring physically unavailable states. In the proposed method, a
PD torque controller is used to establish exponential stability of
the boundary-layer system, and an adaptive position controller
with two composite learning laws is designed to estimate link-
side and actuator-side parameters separately, so exponential
stability of the reduced system with parameter convergence is
achieved under the weakened IE condition. Experiments on
a two-DoF SEA-driven robot are carried out to validate the
proposed method. Compared to existing SP-based adaptive
control results of compliant-joint robots such as [23]-[25], the
major novelties of this study lie in two aspects: 1) The two-
time-scale composite learning is developed to achieve exact
online identification by using available robot states; 2) a novel
SP-CLRC law is proposed to achieve superior exponential
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tracking under the weakened IE condition.

II. PROBLEM FORMULATION

Consider an n-DoF FJR model as follows [26]:

M(q)d+C(q.9)q+ G(q) + F(q) = Ta, ¢))
BO+1,=u,1, =7+ DK 7 )

in which q(t) := [q1(t), g2(t), -, g (t)]T € R™ is a joint
position, O(t) := [01(t), O2(t), - -+, 0,(t)]T € R™ is a motor
position, 7,(t) € R™ is an actuation torque, 7(t) := K(6 — ¢
is a spring torque, and u(t) € R™ is a motor torque; M (q)
e R**" (C(q,q) € R**™, G(q) € R", and F(q) € R™ are
an inertia matrix, a centripetal-Coriolis matrix, a gravitational
vector, and a friction vector of the rigid link dynamics (1),
respectively, and B € R"*", D € R™"*", and K € R"*"
are inertia, damping, and stiffness matrices of the compliant
actuator dynamics (2), respectively. Note that g, q, 7, 7, 0,
and 6 are measurable. Some useful properties from [26] and
definitions from [27] are presented as follows.

Property 1: M(q) is a symmetric positive-definite matrix
that satisfies mo||z|? < T M(q)z < m|z|? Vz € R,
and B, D and K are positive-definite, diagonal, and constant
matrices, where mq, m € RT are some constants.

Property 2: M (@) — 2C(q, q) is skew-symmetric such that
xT(M(q) — 2C(q,q))z = 0, V& € R".

Property 3: The left-hand side of (1) can be converted into
a linearly parameterized form as follows:

M(q)9+C(q,¢)v+G(q)+ F(g) = 2" (q, ¢, v,0)W (3)

where v(t) € R™ is an auxiliary variable, ® : R4" s RV*"
is a smooth regression matrix (i.e., regressor), and W € RY is
a link-side base parameter vector.

Definition 1: A bounded signal ®(¢) € RY*" is of PE, if
Jo, ¢ € RT to get fttf% ®()®T(s)ds > oI, Vt > 0.

Definition 2: A bounded signal ®(¢) € RV*" is of IE at ¢
=te,if 3 0, 6o, te € RT to get j;t;gc ®(5)®T (¢)ds > ol.

Let qq(t) := [qa1(t), qaz(), - -, qan (t)]T € R™ denote the
desired output. Define tracking errors e; (t) := qa(t) — q(t)
and eq(t) := g.(t) — q(t) = é1(t) + Aeq(t) with g,(t) :=
da(t) + Aeq(t), where A € R™*™ is a control gain matrix that
is positive-definite and diagonal. The objective of this study is
to develop a novel control strategy for the FIR system (1)—(2)
to achieve exact online identification and tracking control using
physically available robot states.

III. SINGULAR PERTURBATION FORMULATION

Since the joint torque T is physically measurable in many
compliant-joint robots, it is natural to reformulate the actuator
dynamics (2) into an equation on 7 as follows:

K 'B¥+ K 'D7 + 1 =u — Bq{. 4)

Let K = K0/62 and D = Do/E with Ky, Dy € 0(1) and 0
< €< 1, in which ¢ € O(1) represents & € R™*" being of
the order 1. Note that K¢, Dy, and € are introduced solely for

theoretical analysis and do not appear in the actual control law
u [28]. It follows from (4) to obtain

B+ + eDot + KoT = Ko(u — B§). 3)

Multiplying (5) by B~ and using the expression of ¢ from (1)
to the resulting equality, one gets

7 4+ (M~Y(q) + B Y)(eDo7 + KoT)
=Ko(B"'u+ M (q) (C(q,4)d + G(q) + F(q))). (6)

Differentiating e on ¢, multiplying the resulting expression by
M (q), and substituting ¢ from (1) yield

M(q)és = M(q)g: +C(q,49)q + G(q) + F(q) — Ta- (7)

The FJR system (1) with (2) can be reformulated into a SP
form by using (6) and (7) as follows:

{ e= f(t> e,y), 6(0) = €0 8)
€y = g(ta evy)a y(O) =%
with eg, yo € R?", where e := [e], 17 is a slow variable of
the slow time-scale subsystem, y := [yT, yZ |7 = [tT, e7 T
is a fast variable of the fast time-scale subsystem, and the ex-
pressions of f, g : RT xR?" xR?" - R?" are straightforward
to obtain so they are omitted here.

Following the derivations in [23], one obtains an open-loop
reduced system by making € = 0 in (8) as follows':

(M(q) + B)ez =(M(q) + B)q. + C(q,9)q
+G(q) + F(q) — us ©)

where ug € R™ denotes a slow controller, and the superscript
“~2 implies that the corresponding variable is defined in the
case of ¢ = 0. Let t. := t/e be a “stretched” time variable.
Define a virtual torque error 2z (t.) := 7(t) — Tqss € R", where
Tgss = Us — BqG, + Béy € R™ is a quasi-steady-state value of
T [15]. Similar to [23], changing the time scale of the system
(8) from ¢ to ¢, and setting e = 0, one obtains an open-loop
boundary-layer system of (8) as follows:

2"+ (M~ (q) + B ") (Doz' + Koz) = KoB 'us (10)

with 2" := dz/dt., where us := u — s is a fast controller.

According to the extended Tikhonov’s theorem [15, Th. 11.2],
if there exist a slow controller us and a fast controller w¢ such
that the reduced system (9) and the boundary-layer system (10)
achieve exponential stability, respectively, then the full-order
system (1)—(2) achieves practical exponential stability under
the following integrated control law [25]:

QY

in which w3, € R™ denotes a position controller for the rigid
link dynamics (1), and u,.; € R™ denotes a torque controller
for the compliant actuator dynamics (2). The linearity of the

u(tv €, y) = ulin(ty 6) + Uact (y)

ISetting € = 0 is intended to derive the fast and slow time-scale subsystems,
which are used to approximate the full-order system (8). This is a standard
procedure in SP control design and is solely for theoretical analysis.

2The superscript “~” is omitted subsequently to simplify presentation, but
the variables g in (9) and q in (1) are fundamentally different.
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boundary-layer system (10) allows exponential stability to be

achieved easily by a PD torque controller
Uaet = —KpT — eKgT (12)

with K, Kq € R"*" being positive-definite and diagonal
control gain matrices. Making e = 0 in (11) yields

Us = Uiin(t, €) — KpTqss. (13)
It follows from us = u — ug, (11), and (13) that
ur = —Kpz — eKyg7. (14)

Applying (14) to (10) yields a new boundary-layer system

2" + KoB (I + BM~'(q))Ky ' Do + Kq)2'

=— KoB™'((I+BM™'(q)) + K;)z (15)

which is linear time-invariant in the time scale t., such that
its global exponential stability can be guaranteed by setting
reasonable K, and K4 [24]. It is worth noting that the reduced
system (9) and the boundary-layer system (10) are employed
solely for preliminary analysis, and their specific expressions
depend on the choice of the control law u in (11).

IV. COMPOSITE LEARNING ROBOT CONTROL

This section first establishes the exponential stability of the
reduced system (9), followed by the SP-CLRC design for the
full-order system (1)—(2). Solving (13) with respect to us using
the expression of T4 under (13), one obtains

Us = (I + Kp)71 (ulin - KpB(EZ - qr)) . (16)
Design the link-side position controller
Win (t,€) = (I + Kp) e (17

where 7, € R" can be any rigid robot control law. Applying
(17) to (11), one gets the final control law

w(m,y) =7 — Kp(T — 1) — eKyT (18)

where T, serves as a reference torque. Applying (16) and (17)
to (9) and substituting the definition of e, in Sec. II into the
resulting expression, one obtains

M.(q)§+C(q,q)4+ G(q) + F(q) =

where M (q) := M(q) + B, € R™*" is a generalized inertia
matrix for the reduced system (19), and B, := (I+K,)"'B €
R™*" is a diagonal matrix of shaped actuator inertia. Then,
one has the following property of (19) [24].

Property 4: The left-hand side of (19) can be expressed into
a linearly parameterized formula as follows:

M(q)9+C(q, §)v+G(q)+F(q)=Y"(q,¢,v, v)W. (20)

19)

where v(t) € R™ is an auxiliary variable, ¥ : R4" s RNexn

is an extended smooth regressor, W, € RNe is an extended

parameter vector, and N, is the number of all parameters.
Design the adaptive position control law

7, = Kees +97(q, 4, 4, 4) W 1)

in which K. € R™*" is a positive-definite diagonal matrix
of control gains, and W,(t) € R is an estimate of W,. In
general, the parameter vector W, can be estimated online by
using CLRC and the regression equation (20) with v = g, and
exponential stability of the closed-loop system with parameter
convergence can be established under the IE condition. How-
ever, in such a control design, the physically unavailable states
@ and @ in the reduced system (19) must be applied to achieve
the parameter estimaton error We =W, — We (t) converging
to 0. So in practical applications, ¢ and g are replaced by
the measurable states g and g, which may degrade estimation
accuracy, and in turn reduce tracking accuracy [23].

The parameter vector W, in (20) comprises the link-side
base parameter WV in (3) and the actuator inertia parameter 3 in
(2), such that it can be obtained by using the rigid link dynamics
(1) and the compliant actuator dynamics (2) to estimate W and
B, respectively. Applying (3) with v = q to (1), one obtains a
link-side regression equation

Ta(t) - (bT(qa q.v qa q)W

Since the joint acceleration g is immeasurable, a low-pass filter
La(s) := 345 is applied to (22) such that

Taf(t) = (D'%T(q’ Q)W

where ®¢(q, q) := ae™ " x ®(q, q, q, §) and Ta¢ := ae
T, denote filtered counterparts of ®(q, q, g, ¢) and T,, respec-
tively, « € R™ is a filtering constant, s is the complex variable
of Laplace transformation, and “x” is the convolution operator
[29]. A torque prediction model is given by

(22)

(23)

—at %

Far(t) = ®f (q,9)W (1) (24)
where 7,.¢(t) € R™ is a predicted value of 7,¢. Let
t
ot)i= [ o] (c)ds 05)
t—ce

with @¢(t) = P¢(q, q) for short and ¢, € RT being an integral
duration. Multiplying (23) by @y, integrating the result at [t —
S, t], and using (25), one obtains
t
OHW = / D¢ () Tar(s)ds 1= (2). (26)
t—Ge

It is assumed that there exist certain constants o, G, t. € RT
so that the IE condition ©(¢.) > o in Definition 2 is satisfied.

To take full advantage of excitation information for parameter
estimation, define a torque prediction error

e(t) := Tur(t) — ®FW (1) (27)
and a generalized torque prediction error
o(t) —OMOW (D), t<t.
t) = 2 . 28
€0 ={ S0 ootnise @
Design a link-side composite learning law
W =T((q, 4, dr, Gr)es + k1 Pr(q,d)e + ra€)  (29)

in which T' € RV*¥ is a positive-definite diagonal matrix of
learning rates, and k1, k3 € RT are weighting factors.
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Outer control loop

Fig. 1. A block diagram of the proposed SP-CLRC method with two-time-
scale composite learning for compliant-joint robots.

The compliant actuator dynamics (2) can be rewritten into a

linearly parameterized form as follows:
T(OYW, = u(t) — 7a(t) (30)

where @, (6) := diag(d) € R™*" is an actuator-side regressor,
W, = [b, ba, -+, b n]T € R™ is an actuator-side _parameter
vector, d1ag(0) is a diagonal matrix with elements 0, to 0n, b;
is the ith diagonal element of B in (2), and 9 is the ith element
of 6 with i = 1 to n. To eliminate the immeasurable motor
acceleration 0, a low-pass filter Lg(s) := iﬁ with 8 € R™
being a filtering constant is applied to (30) such that

L(OYW, = Lg(s)[u(t) — ma(t)] ;== w:(t)  (31)
with ®,;(8) := sLs(s)[0]. Define
Q= [ euekoa @)

with ¢, € RT being an integral duration. Multiplying (31) by
® ¢, integrating the result at [t — ¢,, t], and using (32) yield

QU)Wa = Dot (S)yr(s)ds = 1h(2).

t—Ga

(33)

It is assumed that there exist certain constants o, G, t, € RT
so that the IE condition Q(t,) > o[ in Definition 2 is satisfied.
Similarly, define a torque prediction error

ealt) == yr(t) — @LWL(2) (34)
and a generalized torque prediction error
P(t) — QU)Wa(t), t<ta
a(t) == & 35
E ( ) { Q/’(ta) - Q(ta)Wa(t)at 2 ta ( )

where yr and 1) are given in (31) and (33), respectively. Design
an actuator-side composite learning law
Wa = Fa(q)af(é)sa + HSfa) (36)

in which I", € R™*" is a positive-definite diagonal matrix of
learning rates, and x3 € R is a weighting factor.

Pﬂ

Monitor

Fig. 2. A two-DoF robot driven by SEAs for experimental studies. Note
that u is generated by motor outputs, g, g, and 6 are measured by position
encoders, and 7 and 7 are measured by torque sensors.

Finally, the expression of the proposed SP-CLRC composed
of (18), (21), (29), and (36) is summarized by
u=m— K, (T — 1) — eKqT,
7 = Kees + 97(q, 4, G, )W + UT (G:) Wi,
W =T(9(q. 4. 4. Gr)ez + 51P5(q. 4)e + r2k),
Wa = Ta(®ar(B)ea + rsta)

37

where ¥, (qg,) = (I + K;,)~ 1dlag(qr) € R™*" is an actuator-
side generahzed regressor, and U7 (q, q, qr, qr)W in (21) is
replaced by ®7'(q, 4, ¢, qr)W+‘I’T(qr)W as ¥(q,q, G, Gr)
= [®T(q,q, 4r,d:), Y1 (G,)]T. The closed-loop control dia-
gram is shown in Fig. 1. It follows from the theoretical result
in [24] that for the robotic system (1)—(2) under Properties 14
driven by the SP-CLRC law (37), if there exist constants o,
Ges Sa» Les ta € RT such that the IE conditions O(t,) > ol
and Q(t,) > oI in Definition 2 hold, the closed-loop system
composed of (1), (2), and (37) achieves practical exponential
stability in the sense that the tracking error e; exponentially
converges to a small neighborhood of 0 subject to the small
constant ¢, and the estimation errors W (t) := W — W (t) and
Wa(t) := W, — Wa(t) exponentially converge to 0.

Compared with the latest SP-CLRC methods of compliant-
joint robots in [23], [24], the proposed method has two signif-
icant distinctions: 1) It estimates the link-side parameter W
in (3) and the actuator-side parameter W, in (30) by using the
composite learning laws (29) and (36), respectively, whereas
existing methods directly estimate the coupled parameter W,
in (20); 2) it only uses the physically available states q, g, T,
#, and 0, rather than the physically unavailable states ¢ and g,
to achieve the estimaton error W, converging to 0.

V. EXPERIMENTAL VERIFICATION

A two-DoF compliant-joint robot driven by SEAs in Fig. 2 is
utilized for experimental validation [30]. The SEA is equipped
with a joint torque sensor (M2210A2, Sunrise Instruments
(SRI)) and magnetic encoders (Orbis, Renishaw PLC). An
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Fig. 3. Online identification and control results by two controllers in experiments. (a) Link-side parameter estimate norms I W|| (b) Actuator-side parameter
estimate W, (by the proposed SP-CLRC only). (c) Normalized prediction errors €y, in :Fask 1. (d) Actuation torque norms ||‘raH in Task 1. (e) Tracking error

norms ||e1 || in Task 1 (under learning). (f) ||e1 || in Task 2 (after learning). Note that W,; with ¢ = 1, 2 is the ith element of W, and ey, := =/
(z = |||l and @ = 1 for € in (27) and = = ||€4]| and a = 0.1 for £, in (34)).

industrial computer (C6030, Beckhoff Automation GmbH &
Co. KG) embedded with Beckhoff TwinCAT 3 software is used
to implement real-time control. The sampling frequency of the
robot control system is set at 1 kHz. To verify the superiority
of the proposed SP-CLRC in both online identification and
control, we choose a state-of-the-art CLRC method presented
[23] as a baseline, where its expression is given by

u=71—K (T—Tr)—eKd'r
Tr = K c€é2 + (I) (qaq qr,qr)W
W - F( (qa qa qra qr)62 + /"ilq)f(q, )E + Fu'zé)

which considers only the uncertainty in the link-side dynamics
(1) and achieves parameter convergence. The existing SP-
CLRC methods in [23], [24] are not compared in this study be-
cause they frequently failed to complete the experiments due to
insufficient parameter convergence (please see the simulation
results in [23], [24]). In (37) and (38), set inner-loop control
parameters K, = diag(10, 5) and e K4 = diag(0.08, 0.03), and
the outer-loop control parameters K. = diag(4, 3), A = diag(5,
4),I'=0.02I,T, =0.05],k1 =0, k0 = k3 = 1,6, =27 s,
Ga =45s,a=12,and 5 = 100.

Experiments include two trajectory tracking tasks (Task 1 in
t €10,120] s and Task 2 in ¢ € [130, 180] s), and the desired
joint trajectory gq = [qa1, qa2]” is given by
—m/6sin(wt/4) — 7 /2,t < 120
—m/2,120 < t < 130
—57/36sin(27t/5) — 7/2,130 < t < 180

(38)

gda1 =

Via+a?)

—0.7sin(wt/5),t < 120
0,120 <t <130
—7m /36 cos(2t/5) + T /36,130 < ¢ < 180

qd2 =

Task 1 is a training task for achieving parameter convergence
of the robot, and Task 2 is a testing task for verifying its online
identification and control performance.

Online identification and control results of two controllers
in the experiments are exhibited in Fig. 3. For the proposed
SP-CLRC, the link-side and actuator-side parameter estimates
W and W, converge to certain constants in Task 1 [see Figs.
3(a)—(b)], and the two prediction errors € and e, converge
rapidly in Task 1, and their norms reach around 0.2 N.m after
about ¢ = 20 s and 0.05 N.m after about ¢ = 4 s, respectively
[see Fig. 3(c)]. The two methods perform similarly on link-
side parameter estimation and torque prediction during Task
1 [see Figs. 3(a) and (c)], since they utilize the same link-side
composite learning law (29). The actuation torques 7, by the
two methods in Task 1 have minor differences [see Fig. 3(d)].
Regarding the tracking performance, the proposed SP-CLRC
shows similar tracking accuracy during the learning transient
[see Fig. 3(e)], but significantly outperforms the baseline in
Task 2 [see Fig. 3(f)], which indirectly verifies the accurate
estimation of W and W, and the necessity of considering the
inner-loop information W, during control.

VI. CONCLUSIONS

This paper has presented a feasible adaptive control strategy,
termed SP-CLRC, to achieve exact online identification and
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control for compliant-joint robots. The two-time-scale com-
posite learning proposed uses only physically available robot
states to achieve practical exponential stability of the closed-
loop system and parameter convergence under the weak IE
condition. Experiments on a two-DoF robot with SEAs have
validated the theoretical results, where the proposed method
significantly outperforms the baseline in online identification
and control. Further work would focus on investigating the
stability and robustness of the proposed method rigorously.
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