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Abstract— Tracking dynamic endpoint trajectories of de-
formable linear objects (DLOs) with a robotic manipulator
remains challenging due to their complex non-linear behavior.
While closed-loop Model Predictive Control (MPC) can account
for these non-linearities, it requires an accurate dynamic model
and precise state estimation. This paper introduces a closed-loop
approach for controlling a DLO’s endpoint to track dynamic
2D shapes. We model the DLO as a floating-base kinematic
chain and present a new perspective on learning its dynamics
using a data-driven approximation of its hybrid dynamics.
Based on this model, we formulate an Optimal Control Problem
(OCP), which we solve within the control loop using both linear
MPC and DDP. We validate our approach with simulation
and hardware experiments, demonstrating its ability to track
dynamic endpoint motions.

I. INTRODUCTION

Deformable linear objects (DLOs) are a common class of
objects, characterized by one dimension being significantly
larger than the other two. They are ubiquitous across a
wide range of applications, including industrial (e.g., beams,
cables), medical (e.g., needles, tubes), and domestic environ-
ments (e.g., foam materials, ropes) [1]. While the category of
DLOs encompasses objects with diverse behavioral charac-
teristics, this paper specifically focuses on those possessing
significant bending stiffness, such as beams, tubes, and foam
materials. This is in contrast to highly flexible objects like
ropes, which can adopt a vast range of configurations. Most
existing research on DLO interaction assumes slow, quasi-
static motion. In contrast, our work focuses on modeling and
controlling dynamic motions by solving an optimal control
problem (OCP) in the loop. For instance, consider a robotic
manipulator swinging a foam cylinder while attempting to
track the DLO’s endpoint position, as demonstrated in Fig. 1.
This task is particularly challenging as it demands accurate
and computationally efficient state estimation, dynamic mod-
eling, and control.

Deformable objects impose significant challenges com-
pared to rigid objects. Whereas the state of a rigid body can
be uniquely described by a 6D pose, and that of a rigid body
chain by a finite set of generalized coordinates, deformable
objects like DLOs lack a generic spatial configuration rep-
resentation. To address this, many configuration spaces have
been studied, including meshes, pseudo-rigid body models,
point models, and black-box models. Similarly, a variety
of methods are used to model the dynamics of deformable
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Fig. 1. Robot controlling end point of DLO object

objects, such as the Finite Element Method (FEM), rigid
body dynamics, mass-spring-damper systems, data-driven
methods, and hybrid approaches. [2] provides a detailed,
high-level review of these common modeling approaches.

The choice of configuration space and dynamic model sig-
nificantly influences the resulting optimal control problem.
For example, the authors of [3], [4] modeled the configu-
ration of foam materials as a mesh and used the energy-
based FEM. While [3] employs the quasi-static assumption,
[4] solves an open-loop optimal control problem for dynamic
tasks like whipping and cloth laying using Newton’s method
and Differential Dynamic Programming (DDP). Although
FEM is a powerful modeling approach, it presents several
challenges, including the sim-to-real gap, the selection of
hyperparameters (such as state space dimensionality), com-
putation times, and difficulties in state estimation [3], [4].

In this paper, we model the DLO as a floating-base
rigid-body chain whose base is attached to the robot’s end-
effector. This approach allows the DLO’s configuration to be
described by the floating-base state, x⃗, and the joint states of
the kinematic chain, q⃗. As this model is intended for closed-
loop control of the DLO, a fast, accurate, and robust state
estimation method is required.

The authors of [5] demonstrated that observing only the
DLO’s tip is sufficient for learning a data-driven inverse
kinematics (IK) model that maps these observations to the
joint space of the representative kinematic chain. In their
work, an optical tracking system measured the DLO’s tip
position, and these measurements were used to train a neural-
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network-based encoder that establishes the mapping to the
joint space. Building on this concept, [6] proposes a fusion
network that integrates the outputs of various data-driven
IK solutions within the kinematic chain model’s joint space
using a linear Kalman filter. In addition to achieving fast
state estimation (under 1 ms), this method uses force/torque
measurements as an input to the data-driven IK. This enables
the system to predict the state, maintaining estimation even
when sensor data is lost, for instance, during tip occlusion.
Consequently, this approach is highly suitable as it meets the
requirements for fast, accurate, and robust state estimation.

Regarding control, [7] used a kinematic chain model to
track the dynamic tip motions of a DLO. Although this is
an efficient modeling strategy, the authors only applied open-
loop control. They derived a partially input-output linearizing
force-based controller using rigid body dynamics. In a sub-
sequent work, [8] closed the control loop using an observer
and developed a velocity-based controller to guide a specific
point on the DLO along a reference trajectory. Similarly, [9]
modeled the DLO with a floating base, represented its shape
using curvature parameterization, and derived a controller
from the equations of motion to track dynamic movements.
A key limitation of these three works is the application of an
instantaneous control law, which only allows the controller
to react to current deviations and lacks a predictive planning
horizon. In contrast, optimal control offers the potential to
improve tracking performance because the planned control
inputs can account for the long-term behavior of the DLO.

Optimal control was applied in [10] to track the tip posi-
tion of a foam cylinder along fast trajectories. The authors
employed a black-box modeling approach, training a LSTM
network on input-output trajectories. Consequently, the inter-
nal state of the LSTM served as an abstract representation of
the DLO’s state. Although this approach was demonstrated
to be sufficient for tracking various end-effector trajectories
in 3D space, it had several limitations. First, their approach
relied on the assumption that the system has a ”unique glob-
ally exponentially stable equilibrium state,” corresponding to
the resting position from which all trajectories were initiated.
This assumption restricts its applicability to other scenarios.
Furthermore, they only used the pitch and yaw angles of
the robot’s end-effector for actuation, thereby neglecting
the other available degrees of freedom for the tracking
task. Another potential area for improvement is the choice
of solver; the paper utilized only gradient descent for the
optimal control problem, whereas more sophisticated solvers,
such as DDP, are available. Moreover, because the DLO state
in their model is not physically interpretable, integrating state
or environmental constraints into the optimal control problem
is not straightforward. This limitation further emphasizes the
preferability of a physically meaningful state, such as the
generalized coordinates of a floating-base kinematic chain,
in the context of optimal control (OC).

This raises the question of how to model the dynamics of
a DLO‘s within a kinematic chain representation. In [5], [6],
the dynamics were modeled using a data-driven approach,
learning a discrete mapping from the current to the subse-

quent joint state using RNN-based architectures. [5] demon-
strates that RNN-based structures are superior to purely
model-based approaches that utilize rigid body dynamics
with spring-damping joints. Furthermore, [11] enhanced this
concept by introducing hybrid dynamics combined with a
data-driven network.

Hybrid dynamics is a combination of forward and inverse
dynamics, where the accelerations of some joints are known,
and the generalized forces for the remaining joints [12]. A
typical scenario for floating-base rigid body chains involves
a known base acceleration—which, in this work, is the
variable to be controlled—while the acting spring-damping
joint torques can be calculated from the current state. This
hybrid approach enables the calculation of the necessary
floating-base wrench and the resulting joint accelerations,
allowing for forward predictions over time. The authors of
[11] showed that using hybrid dynamics with spring-damping
joints, in combination with a small data-driven network to
predict joint torques, is sufficient to accurately learn the
system dynamics from a single trajectory. However, a notable
gap in the works of [5], [6], [11] is the application of these
learned dynamics models to control problems.

This paper presents a novel perspective on learning a
data-driven dynamics model for DLOs. We train a neural
network to simultaneously predict the joint accelerations and
the corresponding base wrenches of a kinematic chain model
representing the DLO. While predicting joint accelerations
is not new, the key novelty of our work is the concurrent
prediction of the acting base wrench. This dual prediction
offers two main advantages. First, the predicted accelerations
enable the forward prediction of the DLO’s joint motion
using an integrator, potentially with different time steps (∆t)
than those used during training. Second, the predicted base
wrench is valuable for low-level robot control, as it can be
used in a feed-forward manner to compensate for the forces
and torques exerted by the DLO.

In summary, this paper focuses on tracking dynamic end-
point trajectories of a DLO using closed-loop trajectory op-
timization. We model the DLO as a floating-base kinematic
chain, which provides a physically interpretable state and
allows for the introduction of constraints into the optimiza-
tion problem. The system’s dynamics are learned using a
data-driven approximation of the hybrid dynamics, which
enables fast evaluation. Consequently, this paper presents
advancements in:

• A closed-loop trajectory optimization framework for
dynamic DLO end-point manipulation.

• A data-driven approximation of hybrid dynamics that
simultaneously predicts joint accelerations for motion
forecasting and base wrenches for feed-forward control.

Section II provides relevant background information. We
then describe our methodology in Section III and detail the
experimental setting and implementation in Section IV. The
results of our work are presented in Section V, followed by
our concluding remarks.
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II. BACKGROUND
This work models the DLO as a floating-base kinematic

chain. The chain’s floating base, denoted by x, is rigidly
grasped by a robot. As illustrated in Fig. 2, the kinematic
chain consists of N rigid bodies connected by N − 1 2D
rotational joints. Each joint provides rotational degrees of
freedom around the y- and z-axes, with the x-axis oriented
along the link’s direction. Consequently, the DLO’s spatial
configuration can be described by 6+2(N − 1) generalized
coordinates. The state of the DLO is therefore represented
by the base pose x, its spatial velocity ẋ, and the joint
states q⃗. Unless otherwise specified, the state of any quantity
is defined by its position and velocity, denoted as a⃗ =[
a ȧ

]T . We assume that the pose x and spatial velocity ẋ of
the kinematic chain’s base frame can be reliably measured
throughout this work. This can be achieved, for instance,
with a tracking system or calculated via forward kinematics
since the base is rigidly grasped by the robot. To estimate the
joint states q⃗, we employ the latent space fusion model intro-
duced in [6]. This model utilizes multiple data-driven inverse
kinematic networks to estimate the joint states q⃗1, q⃗2, . . . , q⃗N .
These estimations are based on partial observations of the
DLO, using various input combinations of the base state x⃗,
the tip state t⃗, and the wrench acting at the base Fb. The
resulting joint state predictions serve as observations for a
linear Kalman filter, which in turn computes a final joint
state estimate, ⃗̃q, as depicted in Fig. 2. A key benefit of
this approach is its robustness; the Kalman filter can provide
an estimate even when some state information is unavailable,
enhancing the system’s reliability. The tip pose t and velocity
ṫ can then be calculated using forward kinematics. Further
details regarding the fusion network and the data-driven
inverse kinematics are available in [6], [5].

III. METHODOLOGY
Based on the kinematic chain model described in Sec. II,

the objective is to formulate a dynamical system suitable for
optimal control. The system is modeled as a second order
system and its state is defined by s⃗= [⃗x, q⃗]T = [x, ẋ, q, q̇]T .
Here x describes the pose of the floating base, ẋ its velocity,
q the joint position and q̇ the joint velocity.

A. Data Driven Approximation of Hybrid Dynamics
Hybrid dynamics distinguishes between two joint types.

Inverse-dynamics joints, where the accelerations are pre-
scribed and the corresponding generalized forces must be
computed and forward-dynamics joints, where the gener-
alized forces are given, and the resulting accelerations are
determined. In our use case, we choose the floating-base
coordinates as inverse-dynamics joints. Their accelerations
are known, and we compute the wrench at the base. The
DLO’s own joints are treated as forward-dynamics joints.
Their applied torques are known, and we solve for the joint
accelerations. Hence, the hybrid-dynamics equations for our
system can be written as:[

Fbase
q̈ joints

]
= fHD

([⃗
x
q⃗

]
,

[
ẍbase
τ joints

])
(1)

For a more detailed description, we refer to [12].
We apply a data-driven approach to the hybrid dynamics,

approximating the right-hand side of the equation with a
neural network. For classical hybrid dynamics, we would
need to provide the acting torques in the DLO’s joints, which
could be calculated from the state, for instance, by assuming
spring-damper models. However, since we use a fully black-
box approach, these joint torques are not available, and the
network approximation must learn them from the provided
data. This leads to the following structure for the data-driven
approximation of the hybrid dynamics:[

Fbase
q̈ joints

]
= NN

 x⃗
q⃗

ẍbase

 , (2)

where [⃗x, q⃗, q̈base] is the input vector to the neural network.
This data driven approximation enables forward simulation
in time of the floating base kinematic chain.

⃗̇s = f(⃗s, u⃗) (3)
ẋ
ẍ
q̇
q̈

=


ẋ
u⃗
q̇

NN(⃗x, q⃗, u⃗)


Here, the control input u⃗ is the floating base acceleration
ẍbase. The forward roll-out in time is performed by a suitable
integrator, starting from an initial condition s⃗0 with a given
sequence of DLO base accelerations ẍt:t+N−1.

The neural network for the hybrid dynamics is trained on
collected DLO trajectory data. We also obtain the kinematic
chain’s joint space trajectories by applying the network from
Sec. II, either during data collection or post-processing.
The network learning is thus achieved by minimizing the
following loss function for a single trajectory:

L =
wq,all

2T

T

∑
t=1

WMSE(⃗qref,t ,⃗̂qt ,wq)+ (4)

wq̇,all

2T

T

∑
t=1

WMSE(⃗q̇ref,t ,
⃗̂̇qt ,wq̇)

The loss is a weighted mean square error (WMSE) calculated
over a prediction horizon T . At each time step t in the
horizon, we compute the WMSE between the predicted joint
positions ⃗̂qt and velocities ⃗̂̇qt and their target values q⃗ref,t
and ⃗̇qref,t using the weights wq and wq̇. Subsequently, the
mean position and velocity errors across the horizon T are
weighted by wq,all and wq̇,all

Our learning approach differs from that in [5]. Any data-
driven IK must resolve kinematic redundancy by learning a
consistent joint configuration. In [5], the IK and dynamics
were learned jointly, with the resulting shape influenced
by regularization on the predicted joint states. In contrast,
we adopt a ”separation of concerns” strategy, shifting the
redundancy resolution problem entirely to the data-driven
IK via joint position regularization. Therefore, the dynamics
network is freed from the task of handling this redundancy.
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Fig. 2. Overview of floating base kinematic chain modeling and DLO state estimation via data driven inverse kinematics and Kalman filtering.

B. Optimal Control Problem

The state vector, s⃗ = [⃗x, q⃗]T , describes the DLO’s con-
figuration. To facilitate tracking, we augment this state
vector with the DLO’s tip position, t, yielding the new
state s⃗t = [⃗x, q⃗, t]T . This allows the tip position, which is
computed via forward kinematics within the integration loop,
to be directly included in the cost function. The trajectory
optimization is formulated as the following optimal control
problem with a standard quadratic cost function:

u⃗∗t:t+N−1 =argmin
u⃗t:t+N−1

1
2

(⃗
eT

NT⃗eN
)
+

1
2

N−1

∑
i=1

(⃗
eT

i S⃗ei + u⃗T
i R⃗ui

)

such that : H(⃗st, j) = 0, G(⃗st, j)≥ 0 (5)

with : e⃗ j = s⃗t, j − s⃗t,goal, j ∀ j = 1, . . . ,N

Here s⃗t is the augmented state and s⃗t,goal,t is the desired
state at time index t. The control input is denoted by ui,
in our case the floating base acceleration while S and R are
weighting matrices and T is the conventional terminal weight
for the final state s⃗t,N . The functions H() and G() introduce
constraints to the optimization problem. This augmented
state formulation conveniently allows for the inclusion of
regularization terms for the floating base or joint states
directly into the cost function or as additional constraints.

C. Control Architecture

We propose the control architecture for the robotic system
depicted in Fig. 3. A high-level controller solves the trajec-
tory optimization, generating reference trajectories for a low-
level controller. The low-level control loop, which directly
controls the robot, operates at a much higher frequency than
the high-level optimization.

In each control cycle, the high-level controller receives the
current system state and re-solves the optimization problem.
The solver’s significant computation time causes a delay,
meaning the system state has evolved by the time a new
trajectory is available—a common issue in receding horizon
control. To prevent discontinuous jumps in the commanded
trajectory, the high level controller sends the planned tra-
jectory to a trajectory buffer which smoothly blends newly
received trajectories with the active one [13]. Finally, the
trajectory buffer sends the current commands to the low-level

trajectory generator high level controller trajectory buffer
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Fig. 3. Control architecture of the robotic system.

controller. While this method is simple and effective, more
advanced approaches exist. For instance, in future works
the solver could predict the time delay and perform a state
prediction using the last optimized control input and perform
a time-ahead optimization from the predicted current state as
done in [14].

IV. EXPERIMENTAL SETTING AND IMPLEMENTATION

A. Experimental Setting

A Franka 7-DoF robotic arm [15] serves as the robotic
platform for both simulation and hardware experiments.

Simulation: In the simulation, we model the DLO as a
kinematic chain composed of six segments with lengths of
0.1 m, 0.1 m, 0.1 m, 0.2 m, 0.2 m and 0.3 m. This chain
includes 2 · 5 spring-damper joints and has a total mass
of 0.6 kg. The spring-damper parameters were heuristically
tuned to achieve a suitable deformation behavior. We use
Gazebo as the simulation tool.

Hardware: We use a 1.05 m long polyethylene foam cylin-
der of radius 3.15 cm as DLO in our hardware experiments.
Reflective markers were attached to the DLO to visually track
the location of the base and tip position of the DLO using the
Optitrack tracking system. Further, we use the JR3 85M35A-
140-D 200N12 force-torque sensor to measure the wrench
between the robot and the DLO base.

Data Collection: The robot performs 30 randomly sampled
sinusoidal joint trajectories consisting of an initial wait time
of 2 s, a moving period of 15 s and a resting phase of 7 s. We
implemented a ramping up and down phase of 4 s for each
trajectory to smoothly start and end the motion. To generate
dynamic motions, the amplitude and frequency of the joint
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trajectories are sampled from a heuristically defined range
of values. We collect one dataset for the simulation and one
for the real world experiments.

Data preparation: Before further processing, all measured
poses are transformed into a common frame of reference,
which we choose as the robot base frame. The derivatives of
quantities, which cannot be measured directly, were calcu-
lated using central differences and smoothed with a rolling
average with adjusted window.

B. Implementation

The neural networks were trained in Python using JAX
[16] and the FLAX library [17]. For production deployment,
we run the networks in C++ by translating the JAX models to
ONNX format with the jax2onnx library [18]. A key design
decision for the data-driven IK and fusion network (Sec. II)
is how many segments to use when modeling the DLO as
a kinematic chain. In this work we use 4 segments, giving
a joint dimension of 2 (4−1) = 6. This choice follows the
guideline in [11], which recommends 3–4 segments for stiffer
objects and 5–7 for softer ones. Since our DLO is relatively
short but rather soft, we choose 4 segments.

For the closed-loop optimal control problem in (5), we im-
plemented several solvers. First, two variations of gradient-
descent controller that computes the loss gradient with re-
spect to the control inputs and updates them via the ADAM
optimizer. One version performs numerical differentiation
using simultaneous perturbation stochastic approximation
(SPSA) [20] and the other automatic differentiation using
CppAD [19]. We also implemented a linearizing MPC
controller (Linear MPC), which linearizes the nonlinear
dynamics (3) about the current state and solves the re-
sulting QP using qpOASES [21]. Lastly, we developed a
DDP solver with numerical differentiation, employing the
iLQR variant rather than the full-Newton method. The DDP
solver terminates after at most 20 iterations or when the
maximum gradient norm falls below 0.0001. All solvers are
implemented in C++. For the trajectory buffer, we use a
path blending duration of t = 0.25 s for the DDP solver and
t = 0.02 s for the Linear MPC controller.

The robot’s low level controller is implemented as a joint
space torque controller. Therefore, we modify the optimal
control problem described in Sec. III-B. We consider the
joint acceleration of the robot q̈R as control input and replace
the floating base state x⃗ by the joint state of the robot q⃗R,
resulting in the new state vector s⃗R,t = [⃗qR, q⃗, t]T . Under this
formulation, the dynamical system now iterates the robot’s
joint state directly. The dynamical system now represents
the change in the joint state of the robot manipulator and
the floating base trajectory can be calculated via forward
kinematics such that the dynamical system internally calcu-
lates the values of x⃗ and ẍ. This is just a low-level control
design decision, a Cartesian controller could be implemented
as well or inverse kinematics could be applied. The benefit
is that regularization and constraints can be introduced at the
joint-space level. On the other hand, this requires additional
computational effort.

In our control experiments, we implement no constraints
in the optimal control problem (5). Since, our state vector
has dimension s⃗R,t ∈ R29, the 29×29 weighting matrices T
and S are constructed the following way. For the tracking
of the end point position, the lower right 3× 3 part of the
T and S matrices are set to a diagonal matrix containing
the weights to track the tip position. We also applied joint
space regularization, such that the robot does not drift to far
away from its initial joint position. We set the 7×7 upper left
part of T and S matrices with a regularization weight. All the
other entities of the T and S matrices are set to zero. The cost
matrices were initialized via Bryson’s rule and empirically
tuned to balance tracking accuracy with control effort. We
utilized consistent weights for S and T to prioritize tracking
and penalize deviations from a nominal joint configuration.
The input cost R was tuned to mitigate actuator saturation
and ensure smooth trajectories.

V. RESULTS

The proposed approach is evaluated in three steps. First,
we assess the prediction capabilities of the data-driven ap-
proximation of the hybrid dynamics. Second, we test and
compare the different controllers in simulation. Third, we
validate their performance through experiments on hardware.

A. Data Driven Approximation of Hybrid Dynamics

For the following evaluation, we use the dataset collected
on the real robotic system. As a reference, we first trained
two discrete-map dynamic models following [6], one based
on an LSTM network [22] and one on a GRU network [23].
In each case, we initialize the cell’s hidden state with the cur-
rent DLO joint state q⃗ , and then roll it out by predicting the
next state. Next, we trained our data-driven hybrid-dynamics
(DDHD) models using three different architectures: LSTM,
GRU, and a feed-forward MLP. For the LSTM and GRU
versions, we adopt the same hidden-state initialization as in
the discrete maps. We then append a linear output layer that
maps from the hidden state (i.e., the current joint state) to
the joint accelerations, q̈. An explicit Euler integration step
converts those accelerations into the next joint state, which
becomes the new hidden state for the subsequent time step.
The MLP model comprises two hidden layers of 128 neurons
each, using tanh activations, and directly outputs the joint
accelerations. All networks are trained to predict N = 100
steps into the future using ∆t = 0.01 s resulting in a 1 s look
ahead window. Finally, we trained each DDHD architecture
in two variants: one that also predicts the base wrench and
one that does not. The complete evaluation results are given
in Table I.

Our results show that the DDHD networks outperform the
discrete-mapping models in prediction accuracy. Among the
DDHD architectures, the MLP yields the best performance,
surpassing both RNN-based (LSTM and GRU) models.
These networks also successfully learn the base wrenches
acting on the DLO, as illustrated for an example trajectory
in Fig. 6. Note that the F/T sensor was zeroed before execut-
ing this trajectory. Incorporating wrench prediction into the
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TABLE I
EVALUATION DATA DRIVEN HYBRID DYNAMICS

dynamics network
tip position error

mean ± std (max.)
cm

tip velocity error
mean ± std (max.)

cm/s

force error
mean ± std (max.)

N

torque error
mean ± std (max.)

N

LSTM (discrete map) 4.77 ± 4.2 (30.6) 31.2 ± 36.7 (302) — —

GRU (discrete map) 5.13 ± 4.2 (29.6) 33.0 ± 38.3 (269) — —

DDHY LSTM without wrench 3.80 ± 4.8 (43.9) 29.4 ± 43.1 (397) — —

DDHY LSTM 4.45 ± 4.9 (35.2) 33.2 ± 40.8 (299) 0.6 ± 0.5 (4.0) 1.2 ± 1.1 (10.3)

DDHY GRU without wrench 3.50 ± 3.0 (19.9) 26.2 ± 27.4 (171) — —

DDHY GRU 4.06 ± 4.1 (33.8) 32.2 ± 38.2 (300) 0.5 ± 0.5 (8.1) 0.8 ± 0.8 (8.6)

DDHY MLP without wrench 2.54 ± 2.2 (19.1) 19.5 ± 21.98 (162) — —

DDHY MLP 2.59 ± 3.0 (26.8) 20.9 ± 27.8 (237) 0.3 ± 0.2 (2.5) 0.6 ± 0.5 (5.3)

Fig. 4. Prediction of floating base wrench for one recorded trajectory using
learned approximation of hybrid dynamics.

learning task introduces a slight increase in joint-trajectory
prediction error. Since our control application does not use
the predicted wrench, we employ only the DDHD networks
without wrench prediction in the following experiments.

B. Tracking in simulation

In our tracking experiments, we track various 2D ge-
ometric shapes in 3D space. The shapes include a circle
of radius 0.25 m, a rectangle of width 0.8 m and height
0.3 m, and a Lissajous figure in the y–z plane of the robotic
base frame (neglecting the x component). The durations
for completing one shape were set to 1.2 s for the circle,
2 s for the rectangle, and 2 s for the Lissajous figure. We
command 10 complete trajectories but implement a startup
phase in which we gradually increase the speed to avoid rapid
initial motions. For trajectory optimization, we use different
planning horizons. The gradient descent and DDP controllers
plan over a horizon of N = 200 steps with ∆t = 0.01 s ,
resulting in a 2 s look-ahead window. Since the linear MPC
linearizes around the current state, we use a shorter horizon
of N = 40 to avoid larger errors from the linearization.

Fig. 5 shows the convergence of the gradient descent
solver with a) numerical differentiation and b) auto differen-
tiation, alongside the DDP controller. The figure presents the
convergence for the initial call on one trajectory—where the

Fig. 5. Comparison of cost curve and max. gradient size for gradient
descent controller vs DDP

initial control input is set to zero. Subsequent calls would
use warm starting. Additionally, the mean solver times are
reported. As expected, DDP converges much faster than
gradient descent despite a longer solver time per iteration.
The gradient descent controller using analytic differentiation
has slower iteration, but overall converges more quickly
thanks to more accurate gradient information.

The gradient-descent controllers converge far too slowly
for closed-loop control. In [10], gradient descent was suf-
ficient for closed-loop operation at around 40 Hz . We
believe the main reasons for our slower convergence are the
larger input dimension, u ∈ R7 vs u ∈ R2 and our much
longer prediction horizon N = 200 compared to N = 25.
Consequently, our tracking experiments use only the DDP
and the linear MPC solvers. Fig. 6 shows the tracking of the
geometric shapes, the corresponding tracking error, and the
tip velocity.

Both controllers successfully tracked the reference tra-
jectories, but the DDP-based solver consistently produced
smaller tracking errors than the linear MPC. In particular,
when following the rectangular path the linear MPC exhib-
ited a noticeable oscillation of the tip, whereas the DDP
solution remained smooth and closely aligned with the target.
This behavior suggests that the linear MPC, with its limited
horizon and reliance on local linearization, is less able to
anticipate and compensate for longer-term effects of its
control actions. On the computation side, the DDP solver re-
quired on average 446 ms (±157 ms) per optimization, which
corresponds to roughly 30 ms per iteration, and converged
in about 15 iterations to meet the gradient-based stopping
criterion. By contrast, the linear MPC solver completed each
optimization in just 18 ms (±3 ms). All timing measurements
were taken on an AMD Ryzen 7 1800X running Ubuntu
24.04.
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Fig. 6. Simulation: Tracking of different shapes in y-z-axis.

C. Tracking in real world

Fig. 7 shows the tracking of the different geometrical
shapes on real hardware using the Linear MPC and DDP
solver and the corresponding performance metrics. Addition-
ally, footage of the experiments is available in the supple-
mental material. The visual tracking quality is noticeably
worse than in the simulation, and the tracking performance
metrics confirm this degradation. Overall, the DDP solver
still outperforms the linear MPC solver. Both solvers exhibit
oscillatory behavior when following the rectangular trajec-
tory. Linear MPC in particular produces very large errors,
indicating that its local linearization cannot compensate for
the DLO’s strong nonlinearities. The DDP solver, while
better, also struggles to compensate for rapid changes in
movement direction.

In terms of computation time, the DDP solver requires
on average 825 ms (± 72 ms) per optimization, with 42 ms
per iteration over a mean of 19.5 iterations. This suggests
it rarely satisfies the gradient-stopping criterion. By con-
trast, linear MPC completes each optimization in 22 ms (±
1.5 ms). All experiments were conducted on an AMD Ryzen
7 1800X running Ubuntu 24.04 with a real-time kernel.

Because trajectory optimization is initialized from the
current state estimate, we evaluated the tip-position estima-
tion produced by the fusion network architecture in Sec.II
using the data-collection routine described in Sec. IV-A. We
observed a mean tip position estimation error of 1.25 cm (±
1.21 cm) and a maximum error of 16 cm and when removing
0.5% of outliers the maximum error reduces to 7.2 cm. Fig. 8
shows the state estimation error over a segment of a recorded
trajectory.

VI. CONCLUSION

This paper presents an approach to solving an closed loop
optimal-control problem for tracking the end point of DLOs.
We adopt a floating-base kinematic-chain model and intro-
duced a novel perspective on a data-driven approximation of

the hybrid dynamics to formulate a dynamical system for
the DLO. In doing so, we eliminate restrictive assumptions
made in [10]—for example, the requirement of a globally
stable fixed point—and make our method more transferable
to new scenarios.

We demonstrate that a simple MLP provides a sufficiently
accurate approximation of the hybrid dynamics. Future work
could integrate the more model-rich hybrid-dynamics ap-
proach from [11] and compare its performance and runtime
against our purely data-driven approximation. We have im-
plemented and compared several solvers—simple gradient
descent, linear MPC, and DDP—in both simulation and on
real hardware. Gradient descent does not converge quickly
enough for closed-loop control, while linear MPC and DDP
successfully solve the optimal-control problem online. All
solvers track simple 2D geometric shapes effectively, al-
though larger errors and suboptimal shape fidelity appear
in hardware experiments. Future studies should compare
open- vs. closed-loop tracking behavior and assess how state-
estimation quality impacts overall performance.

Looking ahead, we plan to accelerate and enhance our ex-
isting solvers, incorporate environmental and hardware con-
straints more tightly, and explore constraint-friendly methods
such as sequential quadratic programming (SQP).
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