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Verifiable Learned Behaviors via Motion Primitive Composition:
Applications to Scooping of Granular Media
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Abstract— A robotic behavior model that can reliably gener-
ate behaviors from natural language inputs in real time would
substantially expedite the adoption of industrial robots due
to enhanced system flexibility. To facilitate these efforts, we
construct a framework in which learned behaviors, created by
a natural language abstractor, are verifiable by construction.
Leveraging recent advancements in motion primitives and prob-
abilistic verification, we construct a natural-language behavior
abstractor that generates behaviors by synthesizing a directed
graph over the provided motion primitives. If these component
motion primitives are constructed according to the criteria we
specify, the resulting behaviors are probabilistically verifiable.
We demonstrate this verifiable behavior generation capacity in
both simulation on an exploration task and on hardware with
a robot scooping granular media.

I. INTRODUCTION

In recent years, learning from human demonstrations
has proven tremendously successful at imitating intricate,
human-like motion on robotic systems [1]-[3]. This has
allowed for improvements in robotic grasping [4]-[6], as-
sembly [3], [7], [8], and even robotic surgery [9]-[11].
However, these methods often require prohibitive amounts
of precisely labeled data [12]. Additionally, these learned
behaviors are typically not transferrable to tasks that are
similar but not identical, prompting further research into task-
transferrable learning [13]-[15]. However, works in this vein
exhibit similar, if not heightened, requirements on the amount
of data available to the learning procedure.

Despite these challenges, more comprehensive learned
models that incorporate streams of multimodal data have
shown tremendous success at learning generalized, intri-
cate behaviors. For example, the recently developed Palm-
E model has successfully translated natural language user
commands to control policies for a 6-DOF arm, realizing
the intended tasks even when they were not explicitly
learned [16]. Building on the success of Palm-E and other
foundational robotic models [17]-[19], recent work also aims
to codify effective design principles for these models [20].

Conceptually, however, both the Palm-E model and the
other learning paradigms mentioned prior hinge on a notion
of composing generalized behavior from a finite set of
learned behaviors. Prior work in controls and robotics has
shown that generalizing from this initial behavior set, termed
motion primitives in the existing literature, yields robust, and
more importantly, verifiable generalized behavior provided
the primitives and subsequent behaviors are constructed
with care [21]-[23]. Consequently, inspired by the previous
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Fig. 1. A graphical representation of our natural-language-based behavior
generalizer and verification scheme. By ensuring that the language model
only composes behaviors as a directed graphical abstraction over the
provided motion primitives, we show that any such generated behavior
has an associated certificate list that we can exploit to verify the learned
behavior’s ability to realize the user’s desired task.

attempts at codifying design principles for these learned
models [20], we posit that by leveraging these prior works in
motion primitives and black-box risk-aware verification, we
can synthesize verifiable learned behaviors over a provided
set of carefully constructed motion primitives.

Our Contribution: Leveraging recent work in risk-aware
verification [24], [25], we take steps towards constructing
a framework for verifying learned, generalized behaviors
composed from a set of motion primitives. Specifically, if the
input/output spaces of the motion primitives satisfy certain
conditions that permit its verifiability, and the behavior is
constructed as a directed graph over these primitives, then the
resulting behavior is similarly verifiable. We showcase this
verifiability in both simulation and on hardware, focusing on
exploration and reconnaissance for the former and a granular
media scooping task for the latter.

Structure: We review black-box risk-aware verification and
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motion primitives in Section II before formally stating the
problem under study in Section II-C. Section III details our
behavior generation scheme and states our main contribution
regarding the verifiability of the resulting generated behav-
iors. Finally, Section IV showcases our behavior generation
scheme developing an exploratory behavior - Section IV-A
- and a scooping motion for granular media - Section IV-
B. Both behaviors are also verified in the same sections
according to the provided verification scheme.

II. TERMINOLOGY AND FORMAL PROBLEM STATEMENT
A. Black-Box Risk-Aware Verification

The information in this section is adapted from [24], [25].
Black-box risk-aware verification assumes the existence of a
discrete-time controlled system of the following form, with
system state x € X, control input v € U, environment state
d € D and potentially unknown dynamics f:

$k+1:f($k,uk,d), Vk20,1,2,.... (1)

As verification measures the robustness of a controlled
system’s ability to realize a behavior of interest, work in
this vein assumes the existence of a feedback controller
U: X xD — U. The system’s evolution when steered
by this controller U will be denoted as X - a function
mapping an initial system and environment state to the
system state evolution as prescribed by (1), i.e. ¥(xg,d) =
{xo,1,...,2} € XK for some K > 0. Finally, a
robustness measure p maps this state evolution 3(zg, d) and
environment state d to the reals, i.e. p: X K D — R. For
context, these robustness measures can be those coming from
temporal logic [26] or the minimum value of a control barrier
function over a time horizon [27] among other methods. A
positive outcome of this robustness measure indicates that the
corresponding state evolution realized the desired behavior,
i.e. p(X(xo,d),d) > 0 implies the state evolution X(x¢,d)
realized the behavior of interest.

Black-box risk-aware verification employs this robustness
measure to provide a probabilistic statement on the system’s
ability to realize the desired behavior for all permissible
initial conditions and environment states. This will formally
be expressed in the following theorem:

Theorem 1. Let {r’ = p(X(zd,d"),d")}., be a set of N
robustness evaluations of trajectories whose initial condi-
tions and environments (zb,d") were sampled via 7@ over
X x D, and let r* = min{ry,ra,...,rn}. Then, both the
probability of sampling an initial condition and environment
evolution pair whose robustness is lower bounded by r* and
the confidence in the associated probability is only a function
of the number of samples N and a scalar € € [0,1), i.e.

PY [Prlp(S(wo,d),d) > 1] > 1—¢ 21— (1—€).
B. Motion Primitives

Motion primitives are a well-studied field in the controls
and robotics literature, though we will provide a slight variant
on existing definitions to align with our notation.

Definition 1. A Motion Primitive is 4-tuple P =
(Z, A, U, R) with the following definitions for the tuple:

() The complete set of parameters for this primitive, i.e.
= C RP for an appropriate dimension p > 0.

(A) A function taking a system and environment state (z, d)
as per (1) and outputting the subset of valid parameters
P for this pair, i.e. A(x,d) =P CE.

(U) The parameterized controller for this primitive, mapping
states, environments, and the parameter to inputs, i.e.
U: XxDxE—=U.

(R) A parameterized function outputting the subset of the
state space the system will occupy upon completion of
the primitive, i.e. for £ € = and with environment state
d, R(¢,d) =X; C X.

As an example consistent with the simulations to follow
then, consider the system as per (1) to be a single-integrator
system on the plane required to navigate in a finite-sized grid.
A feasible motion primitive P would be moving the system
to an adjacent cell. For simplicity’s sake, assume there are
no obstacles, and as such, the environment state space D =
&. Then, the complete set of parameters = would be the
labels for all the cells in this grid, the accepting function A
outputs all adjacent cells to the cell containing the current
system state z, U could be a proportional controller sending
the system to the appropriate grid, and R would output the
subset of the state space encompassed by the cell to which
the system was required to move.

C. Problem Statement

Our goal is to develop a framework by which behaviors
learned over these primitives can be verified. As such, we
define a behavior B as a directed graph of primitives, with
edges from a primitive P indicating the primitive P’ to be
run upon completion of P. For examples of such behaviors,
see the sketch provided in Figure 1 and the resulting behavior
for our simulation example in Figure 3. The formal definition
of these behaviors will follow.

Definition 2. A behavior B is a directed graph defined as a

4-tuple, i.e. B = (N, E, S, T) with the following definitions:

(N) The finite set of nodes for the graph, where each

node is a primitive as per Definition 1, ie. N =

{7)1,7)2, ce 7P|N|}-

(E) The set of directed edges connecting nodes in the
graph. Each edge identifies a method to choose
parameters for the successive primitive. If multiple
edges emanate from a node, then a method exists
such that at runtime, only one edge is chosen.

(S) A start function taking as input the system and
environment state (x,d) as per (1) and outputting
both the starting primitive and its parameter, i.e.
S(x,d) = (§,P) where P € N and & € Ap(z,d).

(T')  The set of terminal nodes, i.e. T C N.

Our goals are twofold. First, determine whether we can
verify the behaviors generated by Algorithm 1, and second,
if the behaviors are verifiable, determine a framework by
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Algorithm 1 Natural Language-based Behavior Generalizer

Require: A set of primitives as per Definition 1 and their

descriptions D = {(P;, description of primitive i)},
a list of existing behaviors B = {Bj, Ba,...} with

behaviors B as per Definition 2, and a natural language
abstractor A taking as input a string s defining a desired
behavior, a string I defining any useful, non-primitive
information available for behavior generation, and the
primitive list D and outputting behaviors B.
while True do
¢ < desired behavior B
if ¢ ¢ B then
s <— description of desired behavior
I + helpful non-primitive information
B+ BJA(s,I)
end if
end while

which we can verify any behavior generated by this method.
Phrased formally, the problem statement will follow.

Problem 1. Determine if the behaviors generated by Algo-
rithm 1 are verifiable, and if they are verifiable, determine
a method to verify any such generated behavior.

III. VERIFYING LEARNED BEHAVIORS

We will provide a solution to both aspects of Prob-
lem 1 simultaneously, by constructing the framework for
verifying any behavior as per Definition 2. To construct
this framework, we first note that there exist two outcomes
to executing any behavior from any initial system and
environment state - it either terminates successfully or it
does not. In the event it terminates successfully, we can
record the set of all primitives run over the course of the
behavior, their corresponding parameters, and the system
states upon termination of the corresponding primitive, i.e.
D = {(&,P1,2]), (€2, P, ), ... }. If the behavior fails
due to reasons such as an intermediary controller failure or
an error in the behavior’s graph construction leading to a
runtime error, we can record the failure.

This permits us to construct a robustness measure for a
verification scheme aligned with the method described in
Section II-A. First, for each pair in the dataset D generated
by running the behavior, we can define a certificate function
checking whether the terminal state laid in the terminal set
prescribed by the primitive, parameter, and environment:

C (& P2l d) = 2! € Rp(&,d). 2

Here, we note that we are implicitly associating boolean
outcomes with +1. The robustness measure p would check
the validity of each of these certificates over the run of
a behavior and output 1 if all certificates were satisfied
and —1 if the system failed or any certificate was not
satisfied. Specifically then, let (xo,d) be the initial system
and environment state, let > be the trajectory function as
described in Section II-A, and let D be the dataset of tuples

collected over the course of a successfully run behavior. Then
the robustness measure

min C(v,d) if behavior finished,
pB(E(Io,d),d) = 4P
—1 else.

3)
Here, we have abbreviated the tuples in D with the variable
~ to ease notation. That being said, the robustness measure
pp in (3) evaluates to a positive number if and only if
the behavior successfully terminated and all component
primitives exhibited their component desired behaviors.
Using the robustness measure in (3), we can verify any
behavior as per Definition 2. To ease the formal exposition
of the results, we will first denote via B the subset of the
system and environment state spaces that have a valid starting
point for the behavior B to be verified. This is to ensure that
in the verification procedure to follow, we do not sample and
evaluate the behavior’s performance from initial conditions
and environment states that disallow the behavior from the
start. Formally then,

B={(z,d) € X xD | Sp(z,d) # o}. S

With these definitions we have the following theorem iden-
tifying a framework to verify behaviors, though to simplify
exposition, we will express the assumptions separately:

Assumption 1. Let {r’ = pp(X(x{,d"),d")}Y ;| be the
behavioral robustness of N attempts at executing behavior
B from uniformly sampled initial conditions and states
(0, d) over the allowable space B as per (4) with robustness
measure p as per (3), and let r* = min; r°.

Theorem 2. Let Assumption 1 hold. If r* =1, then V € €
[0,1], the behavior B will execute successfully for at least
100(1 — €)% of the initial condition and environment pairs
in B and the confidence in this statement is 1 — (1 — €)™.

Proof: As Assumption 1 satisfies the conditions for The-
orem 1, we can employ the same theorem and get the
following result ¥ ¢ € [0, 1] and substituting r* = 1:

C1 £ Py)lps(S(z0,d),d) > 1] > 1 -,
C2 £ Py [Cll > 1— (1—e)N.

Here, U[B] denotes the uniform distribution over B. We will
analyze C1 first. Note that in order for pp(X(zg,d),d) >
1, all certificate functions over the dataset D generated by
running behavior B must evaluate to 1 - a consequence of
equations (3) and (2). As a result,

The behavior executes

pB(E(xo,d)7d) =1 <~
successfully.

Therefore, we can define a subset of the feasible joint state
space, corresponding to initial conditions and environment
states where from and in the behavior executes successfully:

V= {(z,d) € B | p(X(z,d),d) = 1}.
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Fig. 2.

Examples of the environments considered for the example in Section IV-A. The blue circle represents the agent, the blue square represents the

agent’s starting cell, the green squares are goals, the black squares are obstacles, and the gold region is the region explored by the learned behavior.

Similarly, we can define a volume fraction function over the
allowable joint state space:

f 1ds
fB 1ds’

Finally, since the uniform distribution assigns probabilistic
weight to a subset of events equivalent to their volume
fraction in the sample space, C1 resolves to the following:

V@) =

Cl=VV)>1-e
Substituting this equivalency in C2 completes the proof. W

A. Extending to Non-Deterministic Behaviors

In the prior sections, we only considered deterministic
system evolution and behavior graph resolution. However, it
may be the case that either the system evolves or the behavior
graph resolves non-deterministically. Our proposed verifica-
tion framework should account for this non-determinism, and
this section details how the prior procedure extends to this
case. We will formalize this non-determinism directly in the
context of verification. Specifically, we assume that we have
a distribution by which we can draw robustness evaluations
of system trajectories, i.e.

p(X(z0,d),d) is sampled from 7y

Note that this accounts for both cases where the initial system
and environment states are potentially sampled randomly via
a distribution 7x over the allowable space B as per (4) and
the ensuing trajectories Y (xzo, d) are also randomly sampled
from some unknown trajectory-level distribution 7g, arising
from the aforementioned non-deterministic system evolution
or behavior graph resolution.

As a result, we can follow the same verification method
as in Theorem 1, though we cannot identify trajectories via
initial conditions as we did in Assumption 1. The following
assumption and corollary expresses this notion formally:

Assumption 2. Let pp be the robustness measure for the be-
havior B as per equation (3), let {r’ = pp(X(x{, d?),d")} Y
be the robustnesses of N trajectories sampled via the (un-

known) distribution 7y, and let 7* = min; 7.

Corollary 1. Let Assumption 2 hold. If v* = 1, then
Y € € [0,1], the non-deterministic system Y. successfully

executes the behavior B with minimum probability 1 — €
and confidence 1 — (1 —e)V, i.e.:

PR, [Py [p(S(20,d),d) > 7] > 1 - >1—(1—e)"

Proof: This is a direct result of Theorem 1. [ |

IV. DEMONSTRATIONS

A. Exploratory Behavior Generation

To illustrate the verifiability of behaviors generated via
Algorithm 1, this section will detail our efforts at using a
natural language abstractor built on ChatGPT to construct
an exploratory behavior.

System and Environment Description: To that end, the
simulations to follow feature an agent idealized as a single
integrator system on the plane and navigating within a 10x 10
grid with obstacles and a few goals. The system state x is
its planar position and its labels for each of the cells, i.e.

€ [-5,5] x {empty, obstacle, unexplored, goal}!?* £ X
The environment, i.e. obstacle and goal cells, is the subset of
the overall label space where there exist 30 obstacles and 3
goals with no overlaps, i.e. D C {empty, obstacle, goal}1%°.
The system dynamics as per (1) are known in this case,
with single-integrator dynamics for the planar dimension and
label updates when specifically provided by a controller -
otherwise, labels remain constant.

Motion Primitives: The system has two primitives upon
which the natural-language behavior generalizer can build
behaviors. Their descriptions will follow:

Pi : A label update function that updates the labels in

the state x to match the labels of the cells imme-

diately surrounding the agent, ie. if the agent were
in cell (2,3) the function updates the labels of cells

{(2’ 3)’ (37 3)’ (17 3>7 (27 4)7 (27 2)}

: The set of all cells, i.e. == {0,1,2,...,9}%

: A function outputting the cell the system currently
occupies, i.e. if the system’s planar position were
[—4.5, —3.5], the only valid parameter is cell (0, 1).

U : Updates the state to reflect the environment labels of

all adjacent cells.

R : A function outputting the portion of the state space

where the labels for the agent’s current and adjacent
cells align with those of the environment. All other

o [1]
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Fig. 3. Depiction of the directed behavior graph generated by Algorithm 1
for the example detailed in Section IV-A. The first behavior’s graph is
highlighted in green, the second behavior incorporates the first and the extra
information is the unhighlighted part of the graph.

cell labels are unconstrained, i.e. if the agent’s cur-
rent and adjacent cells were all empty, then R(¢, d)
would output the subset of the state space containing
label vectors whose elements for those cells all read
“empty” with no constraints on other elements.

‘P5 : A navigation function that steers the agent to a desired

cell while avoiding obstacles.

: The set of all cells, i.e. == {0,1,2,...,9}2.

: A function outputting the portion of the parameter
space where the cell is reachable by the agent in the
provided environment.

U : A Markov-Decision-based planner tracked by a PD
controller that steers the agent to the desired cell
while avoiding obstacles.

R : Outputs the portion of the planar state space encom-
passed by the desired cell, i.e. if the agent could reach
cell (2,2), then R(§ = (2,2),d) = [-2,—1]%

o (1]

Algorithm Information: We desired an exploratory behavior
whereby the system searches the grid for a goal and after
identifying a goal, oscillates back and forth between the
goal and its starting location at least 5 times. As useful
information for the task-following algorithm, the inputted
information - string I in Algorithm 1 - indicated that the
language model could use the following functions when
determining edges in the outputted behavior graph:

&7+ A function that outputs as a list, all the cells that have
been explored by the agent thus far, i.e. all cells that
have a label other than “unexplored” in the current state.

&5 A function that outputs as a list all cells immediately
adjacent to the agent’s currently occupied cell.

&3+ A function that determines whether a goal has been
found and outputs the corresponding cell.

Behavior 1: For the first step, we asked the algorithm to
devise a behavior that explored the grid until it identified
a goal. Specifically, the inputted behavior string s was as
follows: “Please construct a function that performs the fol-
lowing tasks in sequence. First, it searches over all explored
cells that are not obstacles to find the explored cell with
the highest number of unexplored neighbors. Let’s call this

identified cell, cell A. Second, it sends the agent to cell A and
identifies the labels of all adjacent cells. Three, it repeats
steps one and two until a goal has been found, at which
point, it stops.” The part of the graph highlighted in green
in Figure 3 shows the generated behavior graph. As part
of this generation procedure, it used two of the provided
functions £7, &5 to construct the edge decision function &
whose description will follow:

&3+ A function that searches over all explored cells - the list
of explored cells is provided by £} - and assigns to each
cell the number of its adjacent cells that are unexplored
- the list of adjacent cells is provided by &5. Reports
the first cell in the list with the maximum number of
unexplored neighbors.

Behavior 2: We wanted to build on the prior behavior for
the latter half of our goal, and as such, informed the LLM
of the existence of this prior behavior in the list of existing
behaviors denoted as B in Algorithm 1. Then, as the user, we
requested the following from the LLM: “Please construct
a function that performs the following tasks in sequence.
First, it finds a goal. Second, it moves between the goal and
its starting location 5 times.” The behavior graph for this
second behavior is the unhighlighted graph in Figure 3.

Verification Procedure and Remarks: As Behavior 2 uti-
lized Behavior 1, verifying both amounts to verifying the
former. Following the results of Theorem 2, we recorded a
data set D of parameters, primitives, and terminal states while
running the second behavior. The certificates per equation (2)
amount to checking that updated labels matched their true
labels after running primitive P{ and checking that the
system occupied the desired cell after running primitive Ps.
The allowable joint state space B as per (4) was the portion
of the joint space where the system starts in a state x such
that at least one goal is reachable in the corresponding
environment d. Finally, the verification procedure uniformly
randomly sampled state pairs (z,d) € B and checked the
corresponding certificates for each run of the behavior.

After running the second behavior from 100 randomly
sampled initial state pairs, the behavior terminated success-
fully every time. As such, by Theorem 2 we expect that the
second behavior will run successfully for 95% of possible
state pairs and we are 99.4% confident in this statement - we
generated these numbers by substituting € = 0.05 and N =
100 for Theorem 2. To validate these statements, we ran the
second behavior in 2000 more sampled environments, and it
terminated successfully every time. If we were incorrect in
our prior statement that the behavior would run successfully
for at least 95% of feasible state pairs (x,d) € B, then we
would have been effectively guaranteed to identify such a
failure over the 2000 subsequent runs. As we did not, we are
confident in our corresponding statement. Furthermore, while
the synthesized behaviors seem rudimentary, they suffice
to indicate that our behavior synthesis scheme produces
effective and verifiable behaviors.

2553



- =%

_—

Fig. 4. Depiction of the learned scooping behavior. In this case, the motion was coded previously, but contingent on the arm’s ability to sense the cups
in its environment. As such, the LLM interface only asked for the end-user to provide that initial positioning (1) wherein the arm had a high likelihood
of sending both cups. Then the LLM behavior first moves to the desired sensing position (2), calls the scooping primitive as seen in (3)-(4), and returns
to the instructed sensing position in (5) in case any of the cups shifted during the procedure. Then the process repeats.

B. Scooping of Granular Media

Our second demonstration focusing on granular media
scooping illustrates the framework’s utility in helping end-
users set up repetitive, verifiable tasks.

System and Environment Description: The scooping prob-
lem consists of picking up material from a donor container
and depositing it into a receiver container using a URSe
6-DOF robot arm with a wrist-mounted RealSense depth
camera. While a rudimentary scooping motion has been
programmed apriori, it does not know the environment in
which it will be performing this motion - similar to the
situation when a pre-programmed robot has to be initialized
for specific use. The robot’s state x € RS is the full pose
of the end-effector, the control input u corresponds to joint
rotations, and the environment d corresponds to the locations
and orientations of the donor and receiver containers and the
level and distribution of sand in the donor container.

Motion Primitives: In this case, the system only has one
primitive, the scooping primitive, described as follows:

P" : A primitive performing a scooping motion from a donor
container to a receiver container.

=2 : The space of feasible end-effector poses where a

parameter ¢ € = denotes the pose in which the robot
will sense all objects in the environment to start the
scooping motion.

A : A function outputting the space of end-effector poses
from which all containers are in view of the onboard
vision system.

: A controller that performs the scooping motion.

: A function that outputs a ball around the provided
parameter within which the end-effector’s pose will
lie upon the termination of the scooping motion.

oS

That being said, the acceptance function A is implicitly
defined and impossible to know apriori. Here, we intend for
the algorithm to assist the end-user in selecting a parameter
& whose validity, i.e. existence in A(x,d) V (z,d) € X x D,
can be checked through the ensuing verification procedure.

Algorithm Information: To assist the user in picking such
a parameter &, the algorithm was provided an information
string I describing a helper function £ that translated and
rotated the end-effector a desired amount. This string also

included several examples of natural language translations to
inputs for this function £]. Additionally, the string included
another function &5 that saved the end-effector pose for
future reference, and the LLM was told to call this function
if the user deemed the current end-effector pose satisfactory.

Behavior Generation and Verification: The task-model
repeatedly queried the user for end-effector translations and
rotations and as to whether or not the user deemed the current
pose sufficient for sensing any placement of containers. As
such, there was no singular behavior prompt s. However,
as the resulting behavior repetitively executes the scooping
primitive with the user-provided sensing pose parameter &,
this behavior can be verified by the results of Corollary 1.
To do so, before every scooping motion, we placed the
containers at a computer-generated randomly chosen distance
from a pre-determined set-point. As we are manually placing
containers at the pre-determined locations, there will be noise
affecting this placement, though we assume this noise is
independent for successive placements. We will denote this
distribution of container placements via 7. As there is no
need to sample over initial robot states - the system always
starts and ends at the parameterized sensing pose & every
iteration - we can draw independent environments - container
placements - via our distribution 7 and record the robot’s
ability to perform its scooping motion in each placement.
Doing so for 59 sampled environments with successful
trials each time indicates according to Corollary 1 that if
we continued to sample environments and test the system
accordingly, the system would succeed at least 95% of the
time and we are at least 95% confident in that statement.

V. CONCLUSION

We propose a framework by which a natural language
abstractor can synthesize verifiable behaviors as a directed
graph over provided motion primitives. To showcase the
increased flexibility and verifiability of the synthesized be-
haviors, we instructed the task-following model to construct
an exploratory behavior for a simulated planar agent and
a scooping behavior for a robotic arm. In both cases, the
generated behavior was verifiable via the aforementioned
method, and we were able to validate our probabilistic
verification statements in simulation.
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